GLOBAL WELLPOSEDNESS OF THE 3-D FULL WATER WAVE 

PROBLEM 
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^ Abstract. We consider the problem of global in time existence and uniqueness of so- 

C " D ■ lutions of the 3-D infinite depth full water wave problem. We show that the nature of 

C D ' the nonlinearity of the water wave equation is essentially of cubic and higher orders. For 

' any initial interface that is sufficiently small in its steepness and velocity, we show that 

there exists a unique smooth solution of the full water wave problem for all time, and 
, the solution decays at the rate 1/t. 

o 

^ , 

1. Introduction 

' In this paper we continue our study of the global in time behaviors of the full water wave 

' problem. 

The mathematical problem of n-dimensional water wave concerns the motion of the inter- 
face separating an inviscid, incompressible, irrotational fluid, under the influence of gravity, 
from a region of zero density (i.e. air) in n-dimensional space. It is assumed that the fluid 
ff^ ' region is below the air region. Assume that the density of the fluid is 1, the gravitational 

, field is — k, where k is the unit vector pointing in the upward vertical direction, and at time 

t >0, the free interface is and the fluid occupies region fl(t). When surface tension is 
zero, the motion of the fluid is described by 

O' vt -h V • Vv = -k- VP onn{t),t>0, 

divv = 0, curlv = 0, on n{t), t>0, 
k> ; I P = 0, on S(i) 

}_j ■ [ (Ij v) is tangent to the free surface (t, 



where v is the fluid velocity, P is the fluid pressure. It is well-known that when surface 
tension is neglected, the water wave motion can be subject to the Taylor instability [U[35j[3]. 
Assume that the free interface is described by ^ = £^{a,t), where a £ i?"^^ is the 
Lagrangian coordinate, i.e. ^t{o,t) — v{z{a,t),t) is the fluid velocity on the interface, 
^(((a, t) — (vf + V • Vv)(z(a, t), t) is the acceleration. Let n be the unit normal pointing out 
of The Taylor sign condition relating to Taylor instability is 

dP 

-7^ = (6t + k)-n>co>0, (1.2) 
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point-wisely on the interface for some positive constant cq. In previous works [37|, I38j. we 
showed that the Taylor sign condition (|1.2p always holds for the n-dimensional infinite depth 
water wave problem (jl.ip . n > 2, as long as the interface is non-self-intersecting; and the 
initial value problem of the water wave system (II. ip is uniquely solvable locally in time in 
Sobolev spaces for arbitrary given data. Earlier work includes Nalimov |27j . and Yosihara 
[3D] on local existence and uniqueness for small data in 2D. We mention the following recent 
work on local wellposedness [Il[6l[l[ll[25l[26l[28l[3Tl[4T]. However the global in time 
behavior of the solutions remained open until last year. 

In [39], we showed that for the 2D full water wave problem p.ip {n = 2), the quantities 
Q = {I—Sj)y, {I—9))ip, under an appropriate coordinate change k = k{a, t), satisfy equations 
of the type 

afe - ida^Q = G (1.3) 

with G consisting of nonlinear terms of only cubic and higher orders. Here i5 is the Hilbert 
transform related to the water region ^{t), y is the height function for the interface S(t) : 
{x{a,t),y{a,t)), and i/j is the trace on J^{t) of the velocity potential. Using this favorable 
structure, and the L°° time decay rate for the 2D water wave we showed that the 

full water wave equation p.ip in two space dimensions has a unique smooth solution for a 
time period [0, e'^^'^J for initial data where $ is arbitrary, c depends only on <f>, and e is 
sufficiently small. 

Briefly, the structural advantage of (|1.3p can be explained as the following. We know the 
water wave equation p.ip is equivalent to an equation on the interface of the form 

dfu + \D\u = nonlinear terms (1-4) 

where the nonlinear terms contain quadratic nonlinearity. For given smooth data, the free 
equation dfu + \D\u = has a unique solution globally in time, with norm decays at 
the rate l/t^~ . However the nonlinear interaction can cause blow-up at finite time. The 
weaker the nonlinear interaction, the longer the solution stays smooth. For small data, 
quadratic interactions are in general stronger than the cubic and higher order interactions. 
In ()1.3p there is no quadratic terms, using it we are able to prove a longer time existence of 
classical solutions for small initial data. 

Naturally, we would like to know if the 3D water wave equation also posses such special 
structures. We find that indeed this is the case. A natural setting for 3D to utilize the ideas 
of 2D is the Clifford analysis. However deriving such equations (|1.3p in 3D in the Clifford 
Algebra framework is not straightforward due to the non-availability of the Riemann map- 
ping, the non-commutativity of the Clifford numbers, and the fact that the multiplication 
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of two Clifford analytic functions is not necessarily analytic. Nevertheless we have overcome 
these difficulties. 

Let S](i) : ^ = (x{a, P,t),y{a, (3,t)^ z{a, (3,t)) be the interface in Lagrangian coordinates 
{a, (3) S R^, and let be the Hilbert transform associated to the water region ri(t), N — 
S.a X C/3 be the outward normal. In this paper, we show that the quantity 9 = {I ~ ^))z 
satisfies such equation 

dfe -aNxWe = G (1.5) 

where G is a nonlinearity of cubic and higher orders in nature. We also find a coordinate 
change k that transforms (jl.5p into an equation consisting of a linear part plus only cubic 
and higher order nonlinear termsQ For ip the trace of the velocity potential, (/ — ^))'ip also 
satisfies a similar type equation. However we will not derive it since we do not need it in 
this paper. 

Given that in 3D the time decay rate is a faster l/t, it is not surprising that for small 
data, the water wave equation {n = 3) is solvable globally in time. In fact we obtain 

better results than in 2D in terms of the initial data set. We show that if the steepness of 
the initial interface and the velocity along the initial interface (and finitely many of their 
derivatives) are sufficiently small, then the solution of the 3D full water wave equation (jl.ip 
remains smooth for all time and decays at a L°° rate of l/t. No assumptions are made to the 
height of the initial interface and the velocity field in the fluid domain. In particular, this 
means that the amplitude of the initial interface can be arbitrary large, the initial kinetic 
energy ||v||^2(q(o)-) can be infinite. This certainly makes sense physically. We note that the 
almost global wellposedness result we obtained for 2D water wave [39] requires the initial 
amplitude of the interface and the initial kinetic energy 11^11^2(^(0)-) being small. One may 
view 2D water wave as a special case of 3D where the wave is constant in one direction. In 
2D there is one less direction for the wave to disperse and the L°° time decay rate is a slower 
l/ti/2. Technically our proof of the almost global wellposedness result in 2D 39] used to the 
full extend the decay rate and required the smallness in the amplitude and kinetic energy 
since we needed to control the derivatives in the full range. One may think the assumption 
on the smallness in amplitude and kinetic energy is to compensate the lack of decay in one 
direction. However this is merely a technical reason. In 3D assuming the wave tends to zero 
at spatial infinity, we have a faster L°° time decay rate l/t. This allows us a less elaborate 
proof and a global wellposedness result with less assumptions on the initial data. 



We will explain more precisely the meaning of these statements in subsection 1.2. 
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Recently, Germain, Masmoudi, Shatah [M] studied the global existence of the 3D water 
wave through analyzing the space-time resonance, for initial interfaces that are small in 
their amplitude and half derivative of the trace of the velocity potential on the interface, as 
well as finitely many of their derivatives (this implies smallness in velocity and steepness as 
well, since velocity and steepness are derivatives of the velocity potential and the height.) 
In particular, they assume among other things that the half derivative of the trace of the 
initial velocity potential iDl^/^Vo e ^^((1 + \x\^)dx) n L^{dx) n H^{dx) for some large 
N. Here is the Sobolev space with N derivatives. We know iZJj^/^V'o £ L^{dx) 
implies t/jq £ L'^^'^{dx) (see p. 119, Theorem 1). This together with the assumption 
that \D\^/'^'i})Q G (dx) implies that the trace of the initial velocity potential -0o decays at 
infinity. This is equivalent to assuming the line integral of the initial velocity field along any 
curve on the interface from infinity to infinity is zero. This is a moment condition which in 
general doesn't hold. It puts the data set studied by [13] into a lower dimensional subset of 
the data set we consider in this paper. Moreover we know |Z3p/2?/'o G L^{dx) is equivalent 
to the finiteness of the kinetic energy, ||v|||2(q(q-)) < oo. |£'|-'^/2-0o G -^^((1 + \x\'^) dx) would 
require more than the initial kinetic energy being finite. In fact one may estimate the decay 
rate of at infinity as follows. We know ([33j P-117) 



cV'o(x)= / 1 \^\D\"^My)dy 



\x - 



where 



' / ' / )i \^\D\"^Mv)dy 

y\<h\^\ J\y\>'^\x\ h\'A<\y\<'^\'A \^ ^ V\ ' 

I +[ h ]^\D\'^'My)dy\ 

J\y\<h\^\ Avi^^m \x-yr ' 



~ 1.7:13/2 



and 



\-^D\^l''^^{v)dy\Mdx 

i|a;|<|iy|<2|2;| \X - y\ ' 

< [if 1 \^dy){l \^\\D\^ni;,{y)\'^dy)\x\dx 



. ^\\x\<\y\<1\x\\X-yt^'^ J\\x\<\y\<2\x\\x-y?l'^ 

^ [([ -^^^dx)\\D\'/'My)\'dy< I mD\''^My)?dy 

J J ^\y\<\x\<2\y\ \x~y\^l^ J 

So if ipQ satisfies |D|"'^/^Vo £ L^{dx) C\ L? [\x\'^ dx) as assumed in [14 , it is necessary then that 
'ipo{x) decays at a rate no slower than l/|a;|3/2 as \x\ — > oo. 

1.1. Notations and Clifford analysis. We study the 3D water wave problem in the 
setting of the Clifford Algebra C(V2), i.e. the algebra of quaternions. We refer to [TBj for an 
in depth discussion of Clifford analysis. 
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Let {1,61,62,63} be the basis of €{¥2) satisfying 



„2 



6,- 



1, CiCj = -CjCi, z,j = 1,2,3, z 7^ 63 = 6162. (1.6) 



An element a G C(V2) has a unique representation a = (Jq + '^i^j, with cr,; G M for 

< i < 3. We call ctq the real part of a and denote it by Reti and '^i^i the vector 

part of a. We call ai the 6^ component of a. We denote = 631763, |crp = X^i'^o''^?- -'^^ 
not specified, we always assume in such an expression a = (Jq + X]i'=i '^i^i that cr^ G M, for 
< i < 3. We define cr • ^ = EjLo ^jCj - We call cr G €{¥2) a vector if Recr = 0. We identify 
a point or vector ^ = (a;,?;, z) G M'^ with its C(V2) counterpart ^ = X6i + 2/62 + 2^63. For 
vectors ^, ry G C(V2), we know 

e?/- + e X r;, (1.7) 

where ^ • 77 is the dot product, ^ x 77 the cross product. For vectors C, Vi C(C ^ '7) is 
obtained by first finding the cross product C x rj, then regard it as a Clifford vector and 
calculating its multiplication with ^ by the rule ()1.6p . We write V = dxCi +9^62 +6*263, 
V = {dx, dy,dz). At times we also use the notation ^ = {£,i,£,2,£,3) to indicate a point in M^. 
In this case V — {0^1,9^^,8^^), V = d^^ei + d^.^e2 + ^^363. 

Let Q, be an unboundeqj domain in R'^, E = dVl be its boundary and fi^ be its 

complement. A €{¥2) valued function F is Clifford analytic in Vl if VF = in Jl. Let 

3 

r(0 = --^, KiO^~2Vm = ~ — j^, fore = ^e.e., (1.8) 

^3 Ki t^3 i^r V 

where ^3 is the surface area of the unit sphere in M.^. Let ^ — ^(a,/9), (a, (3) G be a 
parameterization of E with iV = x pointing out of Q. The Hilbert transform associated 
to the parameterization = £^{a,P), {a, (3) G is defined by 

^s/(a, /3) = P.«. / / i^(^(a', P') - e(a, /3)) (C x ^fi') /(«', /?') rfa'^/?'- (1-9) 

We know a €{¥2) valued function F that decays at infinity is Clifford analytic in fl if and 
only if its trace on S: f{a,P) = F{£^{a,f3)) satisfies 

/ = iOE/. (1.10) 

We know = / in L^. We use the convention ij^l = 0. We abbreviate 

^s/(a,/3)= K{aa',P')-ac^,p)){C, xe^,)f{a',f3')da'd(3' 

K{^'-0 {C'^e0')fda'd(3'^ 11 KN'f'da'dP'. 



^Similar definitions and results exist for bounded domains, see |15j . For the purpose of this paper, we 
discuss only for unbounded domain f2. 
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Let / = f{a, j3) be defined for {a, f3) e R^. We say is the harmonic extension of / to 
n if A/'' = in 17 and f'{^{a, /?)) = /(a, We denote by V^f the trace of Vf' on E, i.e. 

V^f{a,(3)^Vf{aa,P)). (1.11) 

Similarly V^f{a,(3) = Vf{({a,f3)), d^f{a,f3) = d^f''{^{a,P)) etc. In the context of water 
wave where f2(i) is the fluid domain, we denote by V^/ (respectively V^/) the trace of 
V/'' on S(t), where is the harmonic extension of / to n{t) (respectively rt{tY). We have 

Lemma 1.1. 1. Let f = f{a,/3), (a,/9) £ be a real valued smooth function decays fast 
at infinity. We have 



K{i{a', /?') - e(«, (3)) ■ [N' X V7)(a', /?') da' dp' = 0. (1.12) 
2. For any function / — fi^i satisfying f = Sj^f or f — —Sj-^f, we have 

ip-daf-^a-dpf^O. (1.13) 

Proof. Let be the harmonic extension of / to the domain fl. We know Vf^ is Clifford 
analytic in fi. Therefore the trace of 2?/'' on E satisfies 

VJ = f)^VJ. (1.14) 

Taking the real part of (|1.14p gives us (|1.12p . 

For (|1.13p . we only prove for the case / = Sjj^f. The proof for the case / = —f)^f is 
similar, since / = —S)^f is equivalent to the harmonic extension of / to il^ being analytic. 

We have from / = i3s/ that V^f = 0. Therefore 

3 3 

■ daf - • dpf = ^ dp^^daijd^.f^ - ^ da^jdp^^d^Jj = 0. 

□ 

Assume that for each t e [0,T], n{t) is a domain with boundary S(i). Let S(t) : ^ = 
C(a,/3,t), (a,/3) e R^. ^ e C2(M2 x [0,r]), = x ^/3- We know x V = C/s^a - Ca^/j. 
Denote [A, B] = AS - BA. We have 

Lemma 1.2. Let f G C^(R^ x [0, T]) be a €(¥2) valued function vanishing at spatial infinity, 
and a be real valued. Then 

[duSj^it)]f = K{e - (6 - Q X {i'p,d^, - Cdp,)f'da'df3'. (1.15) 

[5a,fe(t)]/ = II K{e -oi^c-ec') X {ep'd^,-eMf'da'dp' (i.ie) 

{dp,^^it)]f =11 m'~^) {£.p-S,'p,) X {£,'p,d^.-S,'^,dp>)f'da'd(i' (1.17) 
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[aN X V,^s(t)]/ ^ JJ A'(r - {aN - a'N') x (^^,9^, - i'^,dp.)f' da' dp' (1.18) 

[dl^nt)]f ^ jj m' - i^tt ~ Ctt) X ie^'da' - £.'^,dp')f'da'd(3' 

+ 11 KiC' - i& ~ Q X iCp'dc - Co.'dp')f'da'dp' (1.19) 
+ 11 dtm' ~ (6 - Q X iC'p'do.' - C'dp')f'da'd(3' 
+2 [[ m' - (6 - CO X {i'p,d^. - Cdp')ftda'd(3' 



Proof. Applying Lemma 3.1 of [38] component- wisely to / gives (jl.lSp . (II. 16^ . (|1.17|) . (I1.19|) 
is a direct consequence of (jl.lSp and the fact [9^,^2(4)] — dt[dt,Sjj:(t)] + [dt,^^{t)]dt. We 
now prove (|1.18|) for / real valued. Notice that oiV x V^Y.{t)f — '^^fida^Y.(t)I — ^£,ad[if)Y.(t)f ■ 
From p.l6p . we have 

<pK{£,' - (Co - CaO X (e^-a,' - Ca'S^')/' da' dp' + aifi If KN'd^,f' da' dp' 



a^pKiC - Co X iC^.da., - ea'df3')f' da' dp' (1.20) 
Similarly 

aea9/3ijs(t)/ = ae„i^(C' -e)?/5 X (e^,a„, - C^/^O/' ^a'^/?' (1-21) 
Now for any vectors K, rj, 

^pK^a X V-CaK^p X 7] 

= -K^i3 Ca XV + (i3 X rj - 2£,p ■ K X V + "2(0 ■ K (i3 X rj 
= -K^p X (^„ X ry) + K^o, x {^p x j]) 

(1.22) 

+ K^p ■ (e„ X ry) - • (e/3 X ,7) - 2iK X (^a x e;3)) X r, 

= K(~^^^p ■ 77 + ^13^^ ■ rj) - 2K{^^ x^i3)-Tj + 2K{^^ x ^p) ■ - 2K ■ r](^^ x ^p) 

= K{^a x^p)xr]-2K- ry(C„ x ^p) 
In the above calculation, we used repeatedly the identities p.7p and ax (fexc) = ba-c—ca-b. 
Combining ^^m and applying (fTT^ and (fL^ with 77 = (C^,9„. - C^,dp')f' = 

TV' X V'/', we get 

aTV X Vios(t)/ ^ JJ K{e - Oa(Cc. x ^p) x {N' x V'/') da' dp'. 

Notice that 

^s(t)(aA^ X V/) = // K{C - Oc^'N' x {N' x V'/') d«' dp'. 



p.l8p therefore holds for real valued /. p.l8p for C(V2) valued / directly follows. 

□ 
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1.2. The main equations and main results. We now discuss the 3D water wave. Let 
: ^{a, f3, t) = x{a, (3, t)ei +y(a, (3, t)e2 + z{a, /?, t)e3, {a, (3) G be the parameterization 
of the interface at time t in Lagrangian coordinates (a, /?) with = x C/s = {Ni,N2, N^) 
pointing out of the fluid domain fl{t). Let = ^)E(t)j and 

1 dP 

We know from [3S] that a > and equation (|l.ip is equivalent to the following nonlinear 
system defined on the interface S(i): 

6t + 63 - aiV (L23) 

6 = ^56 (1-24) 

Motivated by [39] . we would like to know whether in 3-D, the quantity tt = (/ — Sj)ze3 
under an appropriate coordinate change satisfies an equation with nonlinearities containing 
no quadratic terms. We first derive the equation for tt in Lagrangian coordinates. 

Proposition 1.3. We have 

{df -aNxV)n^ jj K{C - (6 " Q x i^p^d^' - C'dp'Wtda'd(3' 

- jj K{i' - (6 - Q X iap'do.' - eta'dp')z' da'dp'es (L25) 
-Jl dtKiC - (6 - O X - C'dp')z' da'dp'es 

Proof. Notice from (fOS]) 

(9^ - aiV X V)ze3 = Zue^ + aNid + aiVses = ^tt (1-26) 

and from (fTTM)) that 

{I-^)^u^[dt,mt (1.27) 
([LM]) is an easy consequence of (fTTS)) . (fTTSl and (fTTOl and (fr23l) . (fOe]) . pr27|) : 
(9(2 - aiV X V)7r = (/ - i^)!^^^ - aiV x V)ze3 - [9^ - aiV x V,io]ze3 

^[dt,mt-[d? -aN xV,Sj]ze3 

= 11 KiC' - (6 - Q X (e^j-a^, - ec.'dp')lida'd(3' 

- II m' - (6 - Q X ietp,do.' ~ CMz'da'dp'es 

-II dtK{i' - (6 - Q X (e^'9„' - rfa'rf/3'e3 

□ 



We see that the second and third terms in the right hand side of (|1.25p are consisting 
of terms of cubic and higher orders, while the first term contains quadratic terms. Unlike 
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the 2D case, multiplications of ClifFord analytic functions are not necessarily analytic, so 
we cannot reduce the first term at the right hand side of equation (|1.25p into a cubic form. 
However we notice that = Xtei + yte2 — zte^ is almost analytic in the air region ri(t)'^, 
and this implies that the first term is almost analytic in the fluid domain 51 (i), or in other 
words, is almost of the type (/ + in nature, here Q means quadratic!^ Notice that the 
left hand side of (|1.25p is almost analytic in the air region, or of the type (/ — f)). The 
orthogonahty of the projections (/ — io) and (/ + io) allows us to reduce the first term to 
cubic in energy estimates. 

Notice that the left hand side of l|1.25p still contains quadratic terms and (|1.25p is in- 
variant under a change of coordinates. We now want to see if in 3D, there is a coordinate 
change fc, such that under which the left hand side of (|1.25p becomes a linear part plus only 
cubic and higher order terms. In 2D, such a coordinate change exists (see (2.18) in [39]). 
However it is defined by the Riemann mapping. Although there is no Riemann mapping in 
3D, we realize that the Riemann mapping used in 2-D is just a holomorphic function in the 
fluid region with its imaginary part equal to zero on I](t). This motivates us to define 

k = k{a, P, t) = ^(a, /3, t) - {I + f))z{a, /3, t)es, + ^z{a, (3, t)e3 (1.28) 

Here A = ReS): 

Kf{a, l3,t)^-JJ Ki^a', /3', t) - ^(a, /?, t)) ■ N'f{a', /?', t) da' dp' (1.29) 

is the double layered potential operator. It is clear that the 63 component of k as defined 
in (|1.28p is zero. In fact, the real part of k is also zero. This is because 

A'(r - X iC X e^O^'ea da' dp' ^ jj (C^'^, ■ K - C^a' ' K)z'es da' dp' 
= -^11 iCL'dp'TiC - - e^'dc'Tie - Oyes da' dp' 
= 2 jj r(e' - m'c'Zp' - e^'2a')e3 da' dP' ^2 jj V{£,' - 0{N'^e^ -f N'^e^) da' dp' 

So 

9}zez = Azes + jj r(C' - OiK^^i + ^^2) da' dP' (1.30) 
This shows that the mapping k defined in (|1.28p has only the ei and 62 components k = 
(ki, k2) = fcici -f k2e2- If S(t) is a graph of small steepness, i.e. if Zq, and zp are small, then 
the Jacobianof A: = k{-,t): J(k) = J{k{t)) = dakidpk2-dak2df)ki > and k{-,t) : ^ ^2 
defines a valid coordinate change. We will make this point more precise in Lemma |4. II 

Denote = {da, dp), Ugf{a,P,t) = f{g{a,P,t),t) = f o g[a, P,t). Assume that k — 
k{-,t) : ]R2 ^ M2 defined in is a diffeomorphism satisfying J{k{t)) > 0. Let fc^i be 



■^See Proposition 12. 1 ll also see the derivation of tlie energy estimates in section |3] 
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such that k o k^^{a, /3, t) — aei + (3e2- Define 

C = ^ o A:"^ = yei + t)e2 + 363, u = ° k~'^ , and w = ftt o fc"\ (1-31) 

Let 

b = kt o k^^ Ao ke^ = aJ{k)e3 = aka X kf3, and — Ca >^ Cf3- (1-32) 
By a simple application of the chain rule, we have 

U^^dtUk^dt + b-V^, and U^\aN x V)Uk = AJ^ x \7 = A{Ci3dc. - Co^dp), (1.33) 

and Ur^SjUk = n, with 



//< 



Hf{a,f3,t)^ JJ K{aa',(3',t)~aa,(3,t))(C, xCp,)f{a',p',t)da'df3' (1.34) 
Let X = TT o fc^i. Applying coordinate change U^^ to equation (|1.25p . We get 
{{dt + b ■ Vi)2 - AA/- X V)x = /| i^(C' - C) (« - «') X (C^'Sa' - C'd^'Wda'd/3' 

K{C' -Oiu- u') X {u'fj,do.^ - <'9/503' rfa'd^'es (1.35) 

((«' - «) • V)if(C' - C) (" - W) X (C^,9„- - Cdfi,)i'da'dl3'e^ 

We show in the following proposition that b, A — \ are consisting of only quadratic and 
higher order terms. Let K — ^eTi — U/^^MJk, P = aei + [3e2, and 

A* = (7 + 55)063, A = (7 + ^3)263 -ilze3, A* = (7 + ^)363, \ = \*-K.iej (1.36) 

Therefore 

C = P + A. (1.37) 

Let the velocity u — uici + 1*262 + U363. 



Proposition 1.4. Let 6 = fcj o fc ^ and Aok = aJ(fc). M^e /ia?;e 



a 



b^]^{n-n)u-[dt + b- V±, 7^1363 + [ft + 5 . V±, /C]363 + /CU363 (1.38) 

1 , . , 1 



[A - 1)63 = 2 (-^ + + 2 ([^* + ^ • 7^]m - [ft + 5 . V±, 7i]u) (1.39) 
+ [AM X V,7^]363 - ACp X (9a/C3e3) + ACa x {dpKie^i) + yia^A x dp\ 

Here Uf = 637^(63/) = // esKM'esf. 



^Formulas for b and A similar to those in 2D [39] are also available and can be obtained in a similar way: 
(I - n)b = (I- H){[dt + b ■ Vx, /Cljea -[dt + b- \7±,n]ie-i + JCu^ea) 
(I - 'H)(Ae3) = ea + ldt + b- V^,H]u + [AX x V, H]X* 

+ (/ - Hjl-AC^ X (a^/Cjea) + ACc X (a^/Cjeg) + Ad^X x dpX) 
However we choose to use those in Proposition 11.41 
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Proof. Taking derivative to t to ()1.28p . we get 

h = - dt{I + S))zez + dt^zez 

= it - ztes - ^ztcs - [dt,^]ze3 + dt^ze^ 

Now 



(1.40) 



- zte^ ~ f)ztez = \{it + it) - \f^{it - it) = \it + \^it = \{^ - mt (1-41) 

Combining (fOil)) . pTiTI) we get 

kt = ^{Sj-Wt - [dt,Sj]ze3 + j?]ze3 + J?zte3 (1.42) 

Making the change of coordinate Uj7^, we get ()1.38p . 

Notice that A o ke^ — aka x kjs. From the definition fc = ^ — A* + ^ze^ = ^ — A, we get 

kaXkp = ia X ifi + if} X daA* - ia X dpA* 

-if3 X (daAzes) +ia X (dpAzes) + daA x dpA 

Using (fOO]) and (fTTSl) . wc have 

if3 X d^A* ^i^x dpA* - ipdo^A* ~ i^dpA* ^{N X V)A* 

From p.23p . and the fact that aN x Vzes = — aiViei — aiV2e2, we obtain 

aCa X + a{N X V)A* = itt + eg + (/ + f)){aN x V)ze3 + [aN x V, SS\ze3 

= 6t + 63 - ^ (/ + m^tt + itt) + ['^N X V, ijl^ea 

and furthermore from (|1.24p . 

itt + mtt + itt)^ liitt - ^itt) ~ liitt + ^itt) 

= l[dt,mt - liitt-Wt) - Imtt+Wt) = l[dt,mt - lwM't + l(^~^)itt 

Combining the above calculations and make the change of coordinates Uj^^, we obtain (|1.39p . 

□ 

From Proposition II. 4[ we see that b and A — 1 are consisting of terms of quadratic and 
higher orders. Therefore the left hand side of equation (|1.35p is 

{d^ — e2da + eidp)x — dpXdaX + daXdpx + cubic and higher order terms 

The quadratic term dpXdaX ~ daXdpx is new in 3D. We notice that this is one of the null 
forms studied in [24 and we find that it is also null for our equation and can be written 
as the factor l/t times a quadratic expression involving some "invariant vector fields" for 
— e2da + eidfj. Therefore this term is cubic in nature and equation (jl.35p is of the type 
"linear + cubic and higher order perturbations" . On the other hand, we are curious whether 
dfsXdaX ~ daXdfsx can be transformed into a term of cubic and higher orders by a physically 
meaningful and mathematically concise transformation. As we know, although the quantity 
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(/ — ^0)2:63 is concise in expression and mathematically it is the projection of ze^ into the 
space of analytic functions in the air region, we do not know its physical meaning. Could 
the transformation for dpXdaX ~ daXdfjXi if exist, together with (/ — ^)ze3 offer us some 
big picture that has a good physical meaning? Motivated by these questions, we looked 
further. However after taking into considerations of all possible cancellation properties and 
relations, we can conclude that this term actually cannot be transformed away by a concise 
transformation in the physical space (although there is a transformation explicit in the 
Fourier space). Of course, we do not rule out the possibility that there are some possible 
relations we overlooked. On the other hand, our effort lead to some results that can be 
interesting for those readers interested in understanding the nature of a bilinear normal 
form change, or the quadratic resonance for the water wave equation. We will present this 
calculation in a separate paper. 

We therefore treat the term dpXdaX ~ daXdpx by the method of invariant vector fields. 
In fact, in section [3l we will see that it is more natural to treat {dt+b- V^)^ — AN' x V 
as the main operator for the water wave equation than treating it as a perturbation of the 
linear operator &j — e2da + eidp. We obtain a uniform bound for all time of a properly 
constructed energy that involves invariant vector fields of — £280. + eidfj hy combining 
energy estimates for the equation (jl.35p and a generalized Sobolev inequality that gives a 
L°° estimate with the decay rate 1/t. We point out that not only does the projection 
(/ — 9j) give us the quantity (/ — ^3)^63, but it is also used in various ways to project 
away "quadratic noises" in the course of deriving the energy estimates. The global in time 
existence follows from a local well-posedness result, the uniform boundedness of the energy 
and a continuity argument. We state our main theorem. 

Let \D\ = ^-dl - d% H^iR^) = {/!(/+ \D\rf e L^R^)}, with ||/||«. = W/Wnhm^) = 

\\{i+\D\rf\\L2^j,2). 

Let s > 27, max{[|] + 1, 17} < Z < s - 10. Assume that initially 

^(a,/3,0) =e° = (a,/?,z°(a,/?)), /?, 0) = u°(a, /?), ^tK A 0) = lr°(a, /3), (1.43) 

and the data in (I1.43P satisfy the compatibility condition (5.29)-(5.30) of [38 . Let T = 

da, dp, ada + 13d 13, adp — /39q. Assume that 

Iil< = -1 

Let 

e= \\^'\m^'^A\LH^-) + W'dA\LH^-) + W'A\H->Hm+ (1-45) 

|i|<i+3 
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Theorem 1.5 (Main Theorem). There exists eo > 0, such that for < e < eo, the initial 
value problem (|1.23p - (|1.24p - p.43p has a unique classical solution globally in time. For each 
time < t < oo, the interface is a graph, the solution has the same regularity as the initial 
data and remains small. Moreover the L°° norm of the steepness and the acceleration of the 
interface, the derivative of the velocity on the interface decay at the rate j . 



A more detailed and precise statement of the main Theorem is given in Thcorcm l4.6l and 
the remarks at the end of this paper. 

2. Basic analysis preparations 
For a function / = f{a, (3, t), we use the notation / = /(•, t) = f{t), 

11/WII2 = ii/wiil^ = wfi-MLHM-). i/wloo = ii/wiu- = \\fi;mL-m- 

2.1. Vector fields and a generalized Sobolev inequality. As in [5S], we will use the 
method of invariant vector fields. We know the linear part of the operator V — {dt + b ■ 
V^)^ — AA/" X V is ^ = 9f — 6280 + eida. Although the invariant vector fields of *p was 
not known, it is not difficult to find thcmjj Using a combined method as that in [51 134j. we 
find that the set of operators 

r = {dt, da, dp, Lo ^ ■^tdt + ada + l3dp, and zu ^ adp ~ Pda - ^es} (2.1) 

satisfy 

[at,!p] = [a„,q3] = [9^,<P] = [n7,'P] = 0, [Lo,<P] = -??. (2.2) 

Let T — adp — (3da. So to = T — ^e^. We have 

[dt,da] - [dt,dp] - [dt,T] = [da,dp] = [Lo,T] = 

1 (2.3) 

[dt,Lo] = -dt, [da,Lo] = [T, dp] = da, [dp, Lq] = [da, T] = dp 

Furthermore, we have 



[dt,dt + b-v^] = bfV^, [d,dt + b-v^] = idb)-v^, ioid^da 

i6).V,-i 
2 ' ^2 



[Lo, dt + b-\7i_] = {Lob - h) ■ - ^{dt + b ■ Vi), (2.4) 



[m, dt+b-W^]^ {mb - ^636) ■ Vj_ 



5 



One may find using the method in 5 that for the scaler operator +\D\, the following are invariants: 
dt, do,, 8/3, Lo, T, adt + ltdc\D\-^, /39t + 1 49^ | D | - ^ . Those for <p are then obtained by properly modifying 
this set. 
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Let = (dt+b- V_l)2 ± AAf x V. Notice that V ^V^. We have 

[dt,r^] = ±{{ACp)tdo. - {AC^)tdp} + {dtidt + b ■ W^)b ~ bt ■ Vi6} • 
+ bt ■ {{dt + b ■ Vi)Vi + V^idt + b- 

[d, V^] = ±{(9(AC/j))a„ - {d{ACa))dp} + {d{dt + b ■ V±)b - (55) • V^fe} • 

+ {db) ■ {{dt + b ■ Vx)Vi + V^idt + b ■ Vx)}, for d = do,,dp 

[Lo, r^] = -r^ ± {L„{ACp)d„ - Lo{ACa)dp} + {{dt + b ■ W^){Lf,b - h)} ■ Vx ,„ 

z (2.5) 

+ {Lob - h) ■ {{dt + 6 • Vi)Vi + V^{dt + b ■ Vx)} 

[ru, P^] = ±{TA){Cpdo. ~ C^dp) ± A{dp{w\ + he3)do. ~ da{ruX + ^Xe3)d^) 

+ {wb ~ ^636) • {{dt + b ■ Vi)Vi + v^{dt + b ■ Vi)} 

+ {{dt + b-V^){vu-^e3)b)}-Wi_ 
For any positive integer m, and any operator P, 

m 

[r™,p] = ^r™-^[r,p]r^'-i. (2.6) 

Let 

Kf{a,(3,t) =p.v. [[ k{a, P,a' , (3';t)f{a' , P' ,t) da' d(3' 



where for some t = 0, 1, or 2, |(a,/3) — {a' , P')\^'k{a, P,a' , f3';t) is bounded, and k is smooth 
away from the diagonal A = {{a, f3) = {a' , f3')}. We have for / vanish fast at spatial infinity, 



[at,K]/(a,/3,t) = J J dtk{a,l3,a',l3';t)f{a',l3',t)da'dp' 

[d, K]f{a, (3,t)^ [[{d + d')k{a, /?, a', 13'; t)f{a', f3' , t) da' d(3' , d = d^,, dp 



[io,K]/(a,/3,<)-2K/(a,/3,t) 

+ JJ {ada + [3dp + a'd'^ + (3'd'p + ^tdt)k{a, /?, a', t)f{a', (3', t) da' dp' 7) 

[T, K]f{a, P, t) = II {T + T')k{a, P, a',P'; t)f{a', P' , t) da' dp' 

[a* + 5 • Vx, K]/ = ll{dt + b-V^ + b' ■ Vl)fc(a, /3, a', /?'; t)f{a', P' , t) da' dp' 

+ 11 k{a,P,a',P';t)div'b' f{a',p',t) da' dp' 

One of the operators in equations (|1.35p . (|2.37p and (|2.39p is of the following type: 

B{gJ)=p.v. [[ K{C ^0{9-9')^{C'p'da--Odp')f{a',P',t)da'dp' 
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where Re^ — 0. We have for F — dt,da,df3, Lq, w, 




where Tg — dtg, dag, dpg, {Lq — I)g, zug+ 5.963 respectively. (12. 8p is straightforward with 



an appUcation of (|2.7p . the definition ( = P+X, and in the case F = Lq, the fact V)-ft'(^) = 
-2K{^) and dM]); in the case T = zu, the fact ((eg x ^ • V)K{^) = 5(63/^(0 - ^(^ea), 
(|2.3p and —63 ax6-)-ax6e3 + 2(53 x a) x 6 + 2a x (63 x 6) = 0, for a, 6 e M'^. 
Before we derive the commutativity relations between Lq, w and Ji, we record 

Lemma 2.1. Let ft be a domain in R^, wit/i its boundary E = being parametrized 
by — £,{a, (3), (a, /3) G K^. For any vector 77, anrf function f on R^, we /laue 



X ^p)fa - (77 X ea)//3 = (Ca X e/3)(r? • V^)/ - (77 • (^„ X C/j)) V^f. (2.9) 

- (?? • ^)m) (C' X e^o + (e^.' • v)i^(e) (77 X e^,) + (e;^' • v)x(o (C' x t?) = o, (2.10) 

/or e ^ 0. 



(|2.9p is proved in the same way as the identity (5.17) in [38;. We omit the details. (|2.10p 
is the identity (3.5) in 38J . 

We have the following commutativity relations between Lqj f^nd Ti. 

Proposition 2.2. Let f G C^(R^ x [0,T]) be a C{V2) valued function vanishing at spatial 
infinity. Then 



[vj,n]f - / / K{C - C) (n7A + -Ae3 - w' X' - -A'e3) x (C^,9„, - C,dp,)f' da' dp' (2.12) 



Proof. Using (jl.isp . (|1.16p . (|1.17p and argue similarly as in the proof of (|1.18p . we can show 
that 





Using integration by parts and (|2.10p . we can check the following identity: 




(PUj) then follows from the fact that (Lq - ^)C = (-^o - -^)A. 
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(I2.12P is obtained similarly. First we have by using (jl.lSp . ()1.17|) that 

[T, H]f = 11 K{C' - (TC - T'C') X {Cp,d^, ~ Cdp')f' da' dp'. 



We now check the identity 

\[e3,n]f K{C' - (63 X (C - CO) X {Cp.d^. - Cdp-)f'da'dp'. 

Using integration by parts, we have 

KiC - (63 X (C - C')) X {C'f,,d^, - Cdp')f da' d(3' 

\d'^K (63 X (C - C')) X C/j' - dp.K (63 X (C - C')) X or da' dp' 

+ / / m' - ((63 X c) X ~ (63 X Cp') X or da' dp' 

((63 X (C - 0) • V)i^(C' - CWr da' dp'+ ff K{C - C)63 X Af'f da' dp' 



= \jj {ezKAf - KAf'e^)/' da' dp' = ^ [63, ?^]/ 

Here in the second step we used (I2.10p , and the identity {axb)xc — ba-c — ab-c. In the last 
step we used the fact ((63 x ^) • V)X(0 = ^{esKi^) - K{^)e3) and 63 x A/'^ ^{e3Af ~ Afes). 
p.l2|) therefore follows since — 63 x ^ = TA — 63 x A = wX + ^Xe3. 

□ 

In what follows, we denote the vector fields in (|2.ip by i = 1, . . . , 5, or simply suppress 
the subscript and write as F. We shall write 

i — 1^12131415 

for k = (fci, A:2, A:3, fc4, fcs). For a nonnegative integer fc, we shall also use F*^ to indicate a 
A;— product of F^. i ~ 1, . . . ,5. 

We now develop a generalized Sobolev inequality. Let ai = a, a2 = P- We introduce 

r!± - ±a,dt + ^tda,^ \D\-'H, J = 1, 2 (2.13) 

where H = {e2da-^ — 6i9q2)|Z3|^^. Therefore = I. We also denote fl^j = ^oj^ Let 
«P± = 92 _t (e2da, - 6i(9aJ. Noticc that <p = . We know 

P± = «P± + a* (5 • Vi) + 5 • (a* + • Vi) ± A{Xpd^ - X^dp) ±iA- 1)(625„ - eia^) (2.14) 



Let Pd{d) be a polynomial of da^, j — 1, 2, homogenous of degree d, with coefficients in 
We have 



^One may check that [Cqi {£2dai — £180,2) — §9(62, = 0, [i^02{e2dai — eida2 ) + f^tei: =0. These 
are some of the invariant vector fields for not included in 112.111 . 
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Lemma 2.3. 1 

1 
2 
2. 



(2.15) 



\\\D\QtjF{t)U. < 2j2\\dtT''F{t)U. +t\\^^Fit)h2 (2.16) 
fc<i 

3. 

[t,Pd+iid)\D\-'']^R\D\', fort = Lo,T, 1^0,1, [noj, Pd+i{d)\D\-''] ^ Rdt, (2.17) 

where R is a finite sum of operators of the type Pk{d)\D\^'' , and need not be the same for 
different T, Qqj, j — 1,2 or I — 0,1. 

Proof. (|2.17p is straightforward using Fourier transform. We prove (|2.15p for JIqi = ^^oi' 
the other cases follows similarly. We have 



Therefore 



+ dl,)noi = do.A-2dt - Lodt + \t^) - Sc.Tft. 



2 

(|2.16p is straightforward from here. □ 

Proposition 2.4 (generalized Sobolev inequality). Let f e C°°(M^+^) he a C(V2) 
valued function, vanishing at spatial infinity. We have for I = 1,2, 
{l + t+ \ai\ + \a2\)\daJiai,a2,t)\ 

< E i\\^'dtf{t)h. + wv^d^jm^.) +tY,\\w'fmL^ 

fe<4j = l,2 fe<3 

Here a < 5 means that there is a universal constant c, such that a < cb. 

Proof. Let r"^ = of + , rd,- = aida^ + a2da2- We have 

2 , , 

E —^oj = ~rdt + -tdr\D\-^H, Lo = -tdt + rdr 



(2.18) 



1 



therefore 



Also 



gives 



,2 2 

^Lo + T^Y. —^oj = r'dr + -dr\D\-'H. (2.19) 



11 

J2^0jd^^ = -rdrdt ~ ^t\D\H, E"^^o^". = T^trdtdr ' -"^^ 



r'di 

1 1 



2 2 

it E "oj^". 1^1"'-^ + E"j^oa„, \D\-^H = r^d^,\D\-'H - ^t\ (2.20) 
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Let g be a C(V2) valued function, h = dr\D\^^Hg. From (|2?T9l) . (|2?20|) we have ( i is the 
complex number in this proof) 

r'^drig + ih) - h^i [g + ih) = F, (2.21) 

where 

,2 2 2 

F = rLo5 + 2 E ^^0j9 + ^ i^tj^^^jd^^ \D\-'Hg + ^ a.Lod^^ \D\-'Hg). 
11 1 

Using (|2.2ip we get dr{e^ {g + i h)) = e^F, therefore (Recall by definition, components 

of a C(V2) valued function are real valued.) 

\gire^',t)\<\{g + ih){re^'^,t)\< '\F{se^'^,t)\ds (2.22) 



and this implies that 

1 pcxi 2 

,t)f < - / si\Logf + Y.\Lod^^\D\-'Hgf)ds 



(2.23) 



jJ2 / s{\no,g\' + \no,d^^\D\-'Hg\^)ds. 



r 

i=i 



Now in (f2:23l) we let g = T^d^J- Using Lemma 1.2 on page 40 of [32], and jM!]), ([Qjl . 
we obtain 

^27r -, 2 

k<2''° ^ j=lk<2,m<l 

+ ^(E E iii^if^o,TV(i)iii. + wdtT'fmh) 

^ 3 = 1 k<2 

(2.24) 

A further application of (12.16^ gives 

2 ,2 +4 



|5aJ(re'''«,t)|2 < ^EE Iir'5"./Wll2 + ^E Iir'5*/Wll2 + ^E ll^Pr'/Wlli 

fe<3j=l fc<3 fe<2 

(2.25) 

From a similar argument we also have 

|9„„|i?rii/5„J(re»^°,t)P < l^^||r'=a„^./(t)||^ 

J^Elir'^^*/WII^ + J^Ell^rVWIl2- 



fc<3 fe<2 

Case 0: |t| + r < L (j2.18p follows from the standard Sobolev embedding. 
Case 1: t<r and |t| + r > 1. follows from (P?^ 

Case 2: r <t and |<| + r > 1. Wc use (gJOl). Wc have 



2 2 

ii2a^j = ^2g2|^|-i^^^^^_l^^f^^^.g^^|^|-i^^^^^_^^^.^^^^^|^|-i^^^^ (2.27) 
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Using (|2.26p to estimate the first term, the standard Sobolev embedding and Lemma [2T3l to 
estimate the second and third term on the right hand side of (|2.27p . We obtain (|2.18p . 

□ 

Proposition 2.5. Let f , g be real valued functions. We have 

2 

dajda^g - da^fda^g = -{Tdt{e2dai ~ eida^)fTg 

^ (2.28) 

+ f^Jl(e29Qi - ei^aj/aaaff - ^02(e2C'ai - Cida^) f da^g} 

The proof is straightforward from definition. We omit the details. 

2.2. Estimates of the Cauchy type integral operators. Let J G C^(M'^;M'), Ai e 
C^{W^),i^ l,...,m, F e C°°(R'). Define (for x,y e W) 

A /)(.)= p.. f n^i^,mfM^f^„,,. 

J \x y\ \x y\ 

Assume that h{x,y) = f ( ^^gl^f"^ ) is odd, i.e. fci(x,y) = -hiy,x). 

Proposition 2.6. There exist constants ci = ci(F, || VJ||loo), C2 = C2(F, || VJ||loo)^ such 
that 1. For any J G ^^(R''), V A, G L°^{«^), 1 < i < m, 

l|Ci(J,A, /)||i2(Rd) < ci||Vyli||ioo(Rd) . . . ||VA™||i^(Rd)||/||i2(Rd). (2.30) 

2. For any f G i°°(M''), VA, G i°°(M'*), 2 < i < m, VAi G L^iR"^), 

\\CiiJ,A, /)||L2(Rd) < c2||VAi||i2(ji.d)||VA2||L~(Rd) • • ■ ||VA,„||ioo(js.d)||/||i^(Rd). (2.31) 

Proof. ((OOl) is a resuh of Coifman, Mcintosh and Meyer p. [T0l[20] . 

We prove (|2.3ip by the method of rotations. We only write for c? = 2, m = 1, the same 
argument apphes to general cases. Let Rgf{x) ~ /(e*^x), x — {xi,X2) — xi + ix2 G M^, 

K{J, A, f)[x) = p.v. / F[ ) f(x + r) dr. 

J-jgi r 

We have, from the assumption that ki{x,y) is odd, that 

Ci{J,A,f)(x)^ f Rg^K{RgJ,ReA,Ref){x)de 
Jo 

(I2.3ip now follows from the inequality (3.21) in [55] . 

□ 



Let J, Ai, F be as above, define (for x,y ^M.'^ 

,j {x)~Jiy)nzAMx )-My)) 
\x-y\ \x-y\ 
, J{x)-j{y) ^ nYLMi(^)-My)) 



c2{j,Af){x)=p.v. I :.r ) '^:r' \z:^sr' dyj{y) dy. (2.32) 



Assume that k2{x,y) = F(^m£i)ii-^^p^^ is even, Le. ^x^y) = Uy,x). 
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Proposition 2.7. There exist constants a = ci(F, || VJ||loo), c2 — C2{F,\\\/J\\l°°), such 
that 1. For any f e L^{R'^), VA,; e L^{R'^), I < i < m, 

||C2(J,A/)IIl2(r^) <ci||VAi||ioo(R.)...||VA„|Uoo(R.)||/|U2(R.). (2.33) 

2. For any f £ L°°{R'^), \7A, e L°°(K''), 2 < i < m, VAi £ L'^(R'^), 

||Cl(j,A,/)||i2(R.) <C2||VAl||i2(R.JVA2||i»(Rd)...l|VA„l|i^(R.J/||i^(R.). (2.34) 



Proposition 12 . 71 follows from Proposition 12.61 and integration by parts. We also have the 
following L°° estimate for Ci(J, A, /) as defined in ()2.29p . 

Proposition 2.8. There exists a constant c = c{F, 1|VJ||loo, 1|V^J1|loo), such that for any 
real number r > 0, 



\CiiJ,A,f)U^ <c{Y[{\\VA,\\l^ + ||v2A,|Uo.)(||/|Uoo + llV/IUo.) 

(2-35) 

+ n W^Ml- Wfh- Inr + n ||VA,|U^ \\fh2 ^ 



- 

i=l i=l 



The proof of Proposition 12.81 is an easy modification of that of Proposition 3.4 in [39] . 
We omit. 

At last, we record the standard Sobolev embedding. 
Proposition 2.9. For any f € C°°(R2), 

II/IIl~<II/IIl^ + I|v/|U. + ||vV|U2 (2.36) 

2.3. Regularities and relations among various quantities. In this subsection, we 
study the relations and L^, L°° regularities of various quantities involved. We first present 
the quasi-linear equation for w = o and a formula for at. These are very much the 
same as those derived in [38]. We also give the equations for A* and V = {dt + b ■ V±)x- 

Proposition 2.10. We have 1. 

{{dt + b ■ Vi_f + AAA X V)u = t/jT^atiV) (2.37) 

where 

{I-H){U^\atN))^2 J J K{C ~0{iv--w')x{C'p,d^,-Cdp,)u'da'dl3' 
+ 11 K{C - C) {{{u - u') X u'f,,K, - {{u ~ u') X u'^,)u'^,}da'dp' 

(2.38) 

+ 2 KiC -C){u- u') X (C^,a„, - C'dp'W da' dp' 



+ / / {{u' - u) ■ W)K{C - Oiu - u') X (C;,,^;. - Cd'p)u'da'dfi' 
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2. 



{{dt + h ■ V^)^ + A^A X V)A* = -{n - H) 



w 



esJJ K{C - C) - u') X {C^,da, - Cdf,,)u'da'd(3'e3 
2 / / K{C' - 0{w - w') X (C^,9„, - Cdp,)i' da'dp'es 

K{C - C) {((" - u ) X u^O^Q' - ((" - w') X Ma')3^'} rfa'rf/3'e3 

if(C' - C) (^^ - u') X (C^,9„, ~ C'5;30"3 da' dp' 63 
{{u' - u) ■ V)KiC - Oiu - u') X {Cp,d'^ - C,d'p)i' da'dfi'e^ 



(2.39) 



(2.40) 



3. 

{{dt + h ■ Vj^)2 - AAA X V)o = — o k-^AN x Vx 



+ A{upXo. - uc^xp) + {dt + h- V_L)((9t + h ■ V A_f - AAA x V)x 

Proof. is derived from (fTTM)) . Taking derivative to i to pT^ . we have ^ttt - 

aNt ^ atN. Using pTTO)) . pTM]) . we derive 

Therefore 

6tt + aiV x V6 = at TV (2.41) 
Now to derive an equation for at TV, we apply (/ — Sj) to both sides of (|2.4ip . We get 
(/ - ^atN) - (/ - io)(ettt + {aN x V)6) = [d^ + aNxV, 

(|2.38p then foUows from p.l9p . (jl.lSp and an apphcation of the coordinate change C/jT^. An 
apphcation of the coordinate change JJ^T^ to (|2.4ip gives (|2.37p . 

We can derive the equation for A* in a similar way as that for x- We have 

{df + aN X V)A* = (/ + ^])id^ + aN x V)ze3 + [df + aiV x V, 9j]ze3 (2.42) 

Notice that {dt + aN x V)ze3 — -(^tt and 

{I + Sj)£,tt = 63(6* - •So6t)e3 + (io - 63^363)6* = e3[dt,Sj]^te3 + {S) - Sj)£,tt 

p.39p again follows from Lemma 11.21 and then an application of the change of coordinate 
[/jT^ to (IMS]). We remark that the right hand sides of both ([2?37| . (|2?39| are of terms that 
are at least quadratic. 

(|2.40p is obtained by taking derivative dt to (|1.25p . then make the change of variable 
We present some useful identities in the following. 
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Proposition 2.11. For satisfying = ±7i/^, and g being vector valued, we have 

K{C - 0(5 - g') X {Cpdc ~ Cdp,)f^ da' dp' = (±7 - n){g ■ Vff) (2.43) 



Proof. We only prove for / satisfying / — Hf. We know f{a,/3,t) — F{({a, P,t),t) for 
some F analytic in n{t). From (|2.9p . we liave 



K{g- g') X {C'pd^, - C'dp')f' da' dp' = JJ KN'{g - g') ■ V+/' = {I-n){g- V+/), 

where in the last step we used the fact that d^,f = Hd^J, since d^ f is the trace on of 
the analytic function d^^F, i = 1,2,3. □ 

Define 

n*f ^- JJ Co. X CpK{C - C)/(a', /3', t) da' dfi' = - jj ^Kf da' dp' (2.44) 
Proposition 2.12. For €(¥2) valued smooth functions f and g, we have 

JJ f- {ng} ^ JJ {n*f} ■ g and (2.45) 

{H* -n)f = J J {K{C - C) ■ (AA + M') + KiC - C) X (AA - M')}f' (2.46) 

Proof. Both identities are straightforward from definition. We omit the details. □ 
Let ffi — {cr}i denote the component of a. 

Lemma 2.13. Let fl be a domain in M"^ with dft = E being parametrized by ^ = ^(a, /?), 
{a,P) e M^, and N ^ x n — Assume that F is a Clifford analytic function in 
fl. Then the trace of\7Fi : V^-F^ = \7 Fi(^{a, P)) satisfies 

V^F,^n{^j^^{^0da.-^^dp)F, + {j^^{^pda,~^a.dp)F},) t = 1,2,3. (2.47) 

Proof We know VF = Omn. Therefore nV^F = -n ■ V^F + n x V^F = 0. This imphes 
n • V^F, = {n X V^F}, = {j^^i^^d^ - iadp)Fh. 

Therefore 

V^F, = -nnV^F, = n(n • V^.F, - n x V^F,) 

□ 

The following identities give relations among various quantities. 

Lemma 2.14. We have 

X + x^in-H)ie3+)Cie3, F + x - (W - 7^)363 (2.49) 
dai = -A/" • ei + {daX X 9/3A) • ei, 9/33 = -A/" • 62 + {daX x i9/3A) • 62 (2.50) 



GLOBAL WELLPOSEDNESS OF THE 3-D FULL WATER WAVE PROBLEM 23 

M — + daX X 62 - dfjX X ei + daX x dpX (2-51) 

AM-e3 = w, (2.52) 

2iu+{dt + b-V^)x) = {H-n)u-2[dt + b-V^,H]ie3 (2.53) 
2(w + (9t + • Vj^)o) = {n- H)w + [dt + b-S/^,H~ Hju 

-2idt + b-V^)[dt + b-V^,n]ie3 (2.54) 

{n-H)f ^-2 ff K- Af'f + 2 [[{K^U^ - K2M[)e3f' (2.55) 



where K ~ Kiei + 1^262 + K^e^, N = A/iCi + ^2^2 + A/aea, and f is a function. 

Proof. ((2:491) . (ESU), ((235)) are straightforward from definition, ((232)) is ^^23)) with a 
change of coordinate Uj^^. Notice that the 63 component of A is 3, therefore ()2.50p fol- 
lows straightforwardly from ()2.5ip . 

We now derive (|2.53p from the definition of tt = (/ — io)ze3. We have 

2dtTT - 2{I - f))zte3 - 2[dt,f)\ze3 = {I - f)){^t - It) " '^[duSS\ze3 

_ __ (2-56) 

= -(/ - ii)^* - 2[du^ze3 = -2^4 + (io - mt - 2[at,i3]ze3 

Here in the last step we used ()1.24p . (|2.53p follows from (|2.56p with a change of coordinate 
U^^. ((^3^ is obtained by taking derivative ^4 + 6 • to ((^35)) . □ 

In what follows, we let Z > 4, Z -I- 2 < g < 2/, ^ = ^{a,P,t), t G [0, T] be a solution of 
the water wave system ((L23)) - ((L24)) . Assume that the mapping k{-,t) : defined 
in p.28p is a diffeomorphism and its Jacobian J{k{t)) > 0, for t e [0,T]. Assume for 

d = da, df3, 

P(9t + &-Vi)x, T^{dt + b-V^)teC{[0,T],L^{R^)), for \j\ < q. (2.57) 
Let t G [0, T] be fixed. Assume that at this time t, 

^ {\\T^dx{t)h + \\rW}{t)h + W^'mh + \\r'{dt + b- y±)mh) < m 

l3l<! + 2 

9=a-.3f, (2.58) 
|C(a, /3, t) - C{a', (3\ t)\ > j^a - a'\ + \f3 - (3'\) for a, /?, a', /?' G R 

For the rest of this paper, the inequality a < means that there is a constant c = c(Mo) 
depending on Afo, or a universal constant c, such that a < cb. a :^b means a <b and b < a. 
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Lemma 2.15. We have for m < 21, and any function 4> G C^{E? x [0,T]), 

\\[dt + b-sj^,T"^m\2< lir-''Ki)ll2 E ll^r-'"</>(t)||2 



j<l + 2 |j|<m~l 



\j\<m |j|<i + i |j|<m-l 

;a, + 6.vx,r™]0(i)||2< E lir'^Wll^ E ll^r^V'Wlb 

i<i+2 lil<™-i 

E I|r^&(i)ll2 E ll^r>(i)||2+ E \ndt + b-vMt)h 



(2.59) 



IjKm |j|<' + i h|<m-l 

d = Qa 



Proof. (|2.59p is an easy consequence of the identities (|2.4p . (|2.6p and Proposition 

m 



□ 



The foUowing proposition gives the estimates of various quantities in terms of that of 
X and 0. Let t e [0, T] be the time when (|2.58p holds. 

Proposition 2.16. Let m < q. There is a Mq > 0, sufficiently small, such that for 
M < Mq, 

E (l|r"aA(t)||2 + ||r™aA*(OI|2 + lir-axWIb + W^'dmU) 

+ ^"^(0112 + l|r™7«W||2 + \\r"\dt + 6 - Vi)A(t)||2 + WT'^idt + b- Vi)A*(i)||2 
< E (IK^* + ^ • v^)r-'xWll2 + 11(9* + • v^)Po(t)||2) (2.60) 

|j|<m 

||r™&(t)||2 + \\r^{dt + b ■ v±)b{t)\\2 + \\T^{A - i){t)h 

<Mo Y,i\\idt + b-V^)Pxit)h + \m + b-V^)r^mh) (2.61) 

\j\<m 

E w^'idt + b ■ v±)xm2 + \\^\dt + b ■ vi_)mh 

\j\<m 

^ E (IK^* + ^ • v^)r-'x(i)ll2 + \m + b- v^)r^o(t)||2) (2.62) 

\j\<m 

Proof. We prove Proposition 12. 161 in five steps. Notice that 

[r,n] = e3[r,7^]e3, [r,/C] = Re[r,n] (2.63) 

Step 1. We first show that for m < q, there is a Mq sufficiently small, such that if 
M < Mo, 

E \rdX{t)h + \\TWxit)h< E W^'dmh- (2.64) 
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Let d = da 01 dfs- From the definition A = (/ + TQie-i — /Cjea, we have 
d\ = {I + n)die3 + [d, Hlaea - [d, /Cl^eg - Ojeg 

Using p.6p we get 

m 

r^aA = ^^"-■'■[^,7^]^J-la3e3 + (/ + H)r'"93e3 + r™[9,H]3e3 

m 

- ;^r™-^[r,/c]rJ-ia3e3 - /cr"a3e3 - r'"[a,/c]3e3 

Therefore from ^J}, Lemma [Ol (|2J3| . Propositions [221 [2Jl O [2Jl we have 

l|r™5A(i)||2< 5] l|r^aA(t)||2 ^ llPajWb 

+ (1+ w^'^rnh) J2 \\^'9m\2 

This gives us 



|j|<' + 2 li|<ni 



E lir^'^A(t)||2< 5^ lir^ajWIb (2.65) 



\j\<Ta \j\<m 



when Mo is sufficiently smalL The proof for the part of estimate for x in (|2.64p foUows from 
a similar calculation and an application of (|2.65p . We therefore obtain (|2.64p . 

Step 2. We show that for m < q, there is a sufficiently small Mq, such that if M < Mq, 

J2 \\r^u{t)h<Mo I|r^53(i)ll2+ E ||r-'(5, + 6.v^)xWI!2. (2.66) 

\j\<m |j|<m [j\<m 

J2 \\Pwit)h<Mo J2 \\^'9m\2 

\j\<m lil<"» 

a=a^.a, ^2.67) 

+ Y (\\^'(9t + b ■ Vx)xWll2 + \\T'{dt + b ■ y±Mt)h)- 

\j\<m 

We first prove From ((^35)) . similar to Step 1 by using ([H]), then apply (PT]) . 

Lemma HH (I^TM)) . Propositions [221 [Ml O ESI and furthermore (HHD, we have for Mq 
sufficiently small, 

l|r'"(iz+(5, + 6.v^)x)(t)||2< 5] ||rMt)ll2 E Iir^'^3(i)ll2 



|j|<m 



(2.68) 



+ J2 lir^"Wll2 E Iir^'53(i)ll2 

|j|<'+2 IjI^™ 
a=aa,afj 

Now in (|2.68p let m = ^ + 2. We get for Mq sufficiently small, 

E lirM0ll2< E l|r^(9t + 5-v^)x(t)||2. (2.69) 

bl<'+2 |j|<i+2 

Applying ([^5]) to the right hand side of ([^5)1 and we obtain ([^5]) . 
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Similar to the proof of ()2.66p . wc start from (|2.54|) . and use furthermore the estimates 
(EHJjjMe]), and the fact that {dt + b ■ V±)} = U3, we have ([237|) . 

Step 3. We have for m < q, there is a sufficiently small AIq, such that if M < Mq, 

J2 (IW'iA - i)Wll2 + Wr^idt + b ■ v^mh + \\r^bit)h) 

\j\<m 

<Mo J2 (l|r^53(i)l|2 + ||P(ft+6.V^)x(i)||2 + l|P(ft+6.Vj.)ti(t)li2). ^"^'^^^ 

l3l<"> 

Starting from Proposition [LJl the proof of (|2.70p is similar to that in Steps 1 and 2, and 
uses the results in Steps 1 & 2. We omit the details. 
We have 

Step 4. There is Mq sufficiently small, such that for m < q, M < Mq, 

E Iir^'^3(i)ll2< J2(\\^'(9* + ^-^Mt)h + \\r=idt + b-v^)m\2)- (2.71) 

is obtained using (|2.50p . (|2.52p . We have 

dad = ~^ ■ ei + {A~ 1)M ■ ei + (daX x dfjX) ■ e\ 

therefore 

l|r'"a„3Wll2<||r'"u;Wib+ E lir^(^- i)Wll2+ 

|j|<m 

E W'm)h E (l|r^(^-i)Wll2 + l|r^aA(i)||2) 

|j|<™ lil<i + 2 

Now we apply estimates in Steps 1-3, we get (|2.71l) . Finally 

Step 5. Apply Lemma r2.15l to (j) — x and = {dt+b-V ±^X: and use results in Steps 1-4, we 
obtain (|2.62p . From definition we know A* = 2363 — x ~ 2X363 — % and {dt+b-V ~ u — b. 
Combine Steps 1-4 and apply (|2.62p . we obtain (|2.60p . (|2.6ip . This finishes the proof of 
Proposition 12.161 

□ 

We now give the L°° estimates for various quantities in terms of that of Vxx, and Vj^O. 
Let t e [0,T] be the time when ([^35)1 holds. Define 

E,n{t)^ ^ (11(9,-^6 •Vj_)rM0ll2 + ll(5t + fc-Vj_r"t,(i)||2) (2.72) 

|j|<m 

Proposition 2.17. There exist a Mq > small enough, such that if M < Mq, 
1. for 2 < m < I we have 

E (|r^9A(i)U + |rJ5A*(0|oo + |P93Wloo) < E ir^'^WU; (2.73) 
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2. for 2 < m < I — 1, we have 

E \^'du{t)\oo< (|r^ax(t)|oo + |r^9t)(t)|oo); (2.74) 



3. for 2 < m < I — 2, we have 

Eir'^WIoo< E {\Pdx{t)U + \Pdt{t)U (2.75) 



|j|<m Iil<'" + 1 



J2 (ir^A - i)(t)U + \rHdt + b ■ v^)b{t)U 



\j\<7n 



<E'JUt) J2 i\Pdxit)\oo + \Pdmoo) (2.76) 



|3|<m + l 



and E |P6(i)|oo<</+2(i) E dx{t)\oo; (2.77) 

l|<m l3l<m + 2 

a=aa,a^ 

4- for l + l<m<q — 2, we have 

E |r^5A(t)U + |r-'aA*(0U + |Pa3(0loo < E |r'^x(Oloo 

|j|<m |i|<m 

a=aa,af3 a=aa,aij 

(2 78^ 

+ <^^2(^){t+ E |r^ax(01oo(l + lnt)}; 



l3l<[^^l+l 



5. for I < ni < q — A, we have 



l3l<™ 

a=aa.a0 



+ E'Jl.itn-^ + E (|r^ax(Oloo + |Pao(t)|oo)(i + int)}, 



l3l<[.^^l + l 



(2.79) 



here [s] is the largest integer < s. 

Proof. We will again use the identities in Lemma [2. 141 

Step 1. We use ((2:491) to prove ([273]) for 2 < to < L Taking derivative d to ^M^, 
d = da or dp, we get 

d\ + dx= [a, 7i - n]iez + {H- H)dy.3 + [d, /C]3e3 + JCd^es (2.80) 

Using (fTTel) . (fTTTll . ([2:631) . dM}, (EJl) and Propositions El we obtain 

E \P{dx + dxm\^< E |r-'5A(t)|oo E Iir-'93(0ll2 



|j|<m |j|<n. |j|<™ + 2 

d = Oa ,Qo d = da ,da 



E |r^53(t)|oo E (l|r^9A(i)l|2 + l|r^a3(i)ll2) 



|3|<™ l3l<>n-|-2 
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Using Proposition [2?T6l we have that for Mq > small enough, 

E \^'9m\^< |r^5xWU + A/o J2 ir^'^aWloo (2.8I) 

|j|<™ l3l<m |3|<,Ti 

Similar argument also gives that 

^ \T^d\*{t)\^< \T^dx{t)\oo+Mo |r-'53WU (2.82) 

|3|<m |i|<m |i|<m 

On the other hand, from the definition we have 2363 = A* + this implies 



E \^'dm^< E |r^axWloo+ E Ir-'5A*(0U (2.83) 



l3l<™ lil<" 



Combine (|2.82p . (|2.83p . we have for Mq small enough, 

E |r^<9A*(t)U< E \^'dx{t)\oo and 



|j|<m |3|<,Ti 



E Ir''^3(0loo< E Ir-'5x(i)|c 

|j|<m |j|<m 



Applying to ([2?8T|l . we obtain ([2J3l) . 

Step 2. We prove (|2.74p for 2 < to < / — 1. The argument is similar to Step 1. 

Starting from ((233l) . using (fTTS)) . jMS]), (EH), (HJ]) and Propositions [HI [27l [HI we 
have 

|r'"(5„u+9„t))(i)U < E (lir''^A(t)||2 + ||r-'a3(t)|i2) E |r''^"(Oloo 

|j|<m + 2 |j|<m 

+ E (|r-'aA(0|oo + |pa3(t)U) E Iir^'^«(<)ll2 

|j|<m |3|<™ + 2 

a = Qa^a^ d = Oa,d^ 

Argue similarly for dpu and using (|2.73p and Proposition l2.161 we obtain for 2 < to < Z — 1 
and Mq small enough, 

E \T^duit)\^< E (|r^5x(i)U + |r^5o(t)U). 

Iil<™ |j|<™ 

Step 3. We prove (|2J5)) and (|276l) for 2 < m < / - 2. 

From (|^3^ . w = (A - l)A/' + 7V- 63, using (|^3T|) . and Proposition 1^1^ we get 



E |r^'^(i)loo < E {\r'{A-im\oo+\r^d\{t)\^) < E {\r'{A-im\oo+\r^dx{t)\oo). 

(2.84) 



|jl<m ljl<'" |j|<'" 

a=a„,aa a=a„,a 
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On the other hand, from ()1.39|) . using similar argument as in Steps 1 and 2 and using ()2.73p . 
(|2.74p . Proposition [2351 we have for Mq small enough, 2 < m < I ~ 2, 
J2 \T^iA^l)it)\^<E'Jl,it) J2 |r^^^)loo 



\j\<m \j\<'m 
pl/2 



(2.85) 



|ji<m+i 



Combining (|2.84p . (|2.85p . we obtain for Mq small enough, 

\PiA-i){t)\^<Elil,{t){ E (|r^5x(t)|oo + |r^ao(0loo) (2.86) 

\i\<m lil<m+i 

therefore follows from (EH]), (PIM]) . Using (fT35)) . the estimate for E|j|<m |r^(<9t + 
6 • Vj^)&(t)|oo can be obtained similarly. We omit the details. 

Step 4. We prove ((2J7)) . We first put the terms [dt + h ■ Vi,?^]3, [9* + ■ V±,/C]3 in 
(|1.38p in an appropriate form for carrying out our estimate. We know 2363 = A* + x and A* 
(or x) is the trace of an analytic function in Q.{t) (or ^{tY) respectively. Using (jl.lSp . and 
Proposition [27TT1 We have 

2[dt + h ■ Vi, Hljeg ^[dt + b- V^,n]\* + [dt + h- V^, H]x 



= u ■ V+A* - n{u ■ V+A*) - u ■ V7x - • V7x) 



(2.87) 

Notice that [dt + b ■ y±,lC\i = Rc[dt + b ■ \/±,n]i. Now using ^38]) . and Proposition EH 
Lemma [2. 131 Proposition EHH (|2.73p . we obtain 



J2 \^'b{t)\oo<El,il{t) J2 \^'9x{t)U 

\j\<m \j\<m + 2 

d = da 

step 5. We prove (1^751) . 

Let I + 1 < m < q — 2 and d — da, dp. Applying Propositions 12.91 12.61 12.81 with r = t, 
and ((2J0)) . ((273)) to ((2:80)) . we get the estimate for ^A: 

|r"'9A(i)U < |r"9x(0loo + El^l^mj + E \^'9x{t)Ul + Int)} 

l3l<[-^l + l 

Similar argument gives the estimate for dX* . The estimate for 93 follows since 3 = A* + 
Step 6. (|2.79p is obtained similarly by using (|2.53p . We omit the details. 

□ 

For the L^, L°° estimates of o fc^^, we have the following Lemma. 

Lemma 2.18. Let f be real valued such that 

{I-H)im=g, (2.88) 
t € [0,T] be the time when (|2.58p holds. There exists a Mq > 0, such that if M < Mq, 
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1. for < m < I + 2, we have 

E lirVWIl2< E Iir^5(t)ll2. (2.89) 

|j|<m |j|<ni 

2. for I + 2 < m < q, 

Eiirv(<)ii2< E \\^'9m2 E \\r'dmh+ \\r=g{t)h. (2.90) 

|j|<m |j|</+2 J'l-'", b'l<'" 

3. for < m < I, 

E |rVWIoo< E |r'9WI-+ E |r^'5Mt)loo E W^'aitm (2.91) 

IjKm lyKni IjI^i \j\<m+2 

Proof. The proof follows similar idea as that of Lemma 3.8 in [39 . From (|2.88p . we have 

(/ - HWf)N) = T^g + [T\n]{fM) - (/ - H)(P(/AA) - {V^ f)M) (2.92) 

Let R = T3g+[T3,'H]{fU) - {I-n){T3{fM) - {T^ f)M). Multiplying eg both left and right 
to both sides of (|2.92p . we obtain 

{I + H){{T^f)J7) = R (2.93) 

Here we used the fact that / is real valued. Therefore 

2P/e3 = rV(Ar + eg) + F/(-A/' + eg) + n{r^f(U + A^)) 

_ _ _ (2.94) 

+ (H - n){r^ fjV) + R - R 

Lemma [2. 181 is then obtained by applying (|2.6p . Lemma [TT^ Proposition [2111 (|2.55p . Propo- 
sitions [1?71 EUlllIISl to (|2.94p and by an inductive argument. We omit the details. 

□ 

Let IC* be the adjoint of the double layered potential operator /C: 

IC*f{a, f3,t)= 11 N- K{C ~ C)/(«', t) da' df3' (2.95) 



Proposition 2.19. Let f{-,t) be a real valued function on M.^ . Then 1. 

{I ± /C*)(AA . V±/) ^± ffiUx K{C - 0) ■ {Cp'do.'f' - Odp'f) da' dp'. (2.96) 



2. Atte [0, T] when ((2381) holds, 

\W-V+f{t)+M-V-^f{t)h< E {\dm\^ + \dl{t)\oo) E (2-97) 

3. Att€ [0, T] when (^351) /loWs, 

\W-V+f{t)+n-V-^f{t)h< E (|5'A(i)oo + |9^3(t)|oo)||/(i)||2 (2.98) 
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Proof. From definition, we know N ■ V^/ and N ■ V^/ are the normal derivatives of the 
harmonic extensions of / into fl{t) and il{ty respectively. p.96p is basically the equality 
(3.13) in i38J. Therefore 

TV- V+Z+A/"- V^/ = /C*(-A/'- V+/+AA- V^/) and 

-2jj{Nx K{C - 0) • iCp-d^'f - C'df3'n da'dp'. 

This implies 



- 2/C* (AA X K{C' - 0) ■ (C^'5„,/' - Cdp'f) da' dp'. 

From (|2.99p . (I2.97P is straightforward with an application of Proposition [2?6l 
To prove (I2.98p . we rewrite 



(2.99) 



{N X KiC - C)) ■ (C^'9a'/' - C'dp'f ) da'd(3' 
= a„ I'JiMxK)- Q'p'f da'dfi' -dp JJiJ\fxK)- Cf da' dp' 
(9„ + d^,){M X K{C' ~ C)) • Cp'f da' dp' 
+ jl {dp + dp,){Af X K{C' - 0) • Of da' dp' 



(2.100) 



Here we just used integration by parts. (|2.98p now follows from (|2.99p . (|2.100p with a 
further application of integration by parts and an application of Proposition 12.61 (Notice 
that AA ■ Ca = A/" • C/3 = 0) 

□ 

3. Energy estimates 

In this section, we use the expanded set of vector fields P = da, dp, Lq = 

\tdt + ada + Pdp, w — adp — pda — 563} to construct energy functional and derive 
energy estimates for the water wave system (|1.23p - (|1.24p . Our strategy is to construct two 
energy estimates, the first one involves a full range of derivatives and we will show using 
Proposition 12.41 that it grows no faster than (1 + ty provided the energy involving some 
lower orders of derivatives is bounded by ce^. The second one involves the aforementioned 
lower orders of derivatives, and we will show it stays bounded by ce^ for all time provided 
initially it is bounded by and the energy involving the full range of derivatives does not 
grow faster than (1 + t)^ for some 6 < 1. The estimates will be carried out using p.35p . 
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We first present the following basic energy estimates. The first one will be used to derive 
the energy estimate for the full range of derivatives, and second one the lower orders of 
derivatives. 

Lemma 3.1 (Basic energy inequality I). Assume that 9 is real valued and satisfying 

{dt + b-Vi_f0 + A\f-V+0 = G (3.1) 
and 9 is smooth and decays fast at spatial infinity. Let 

E{t)^ JJ j\{dt+b-V±)e{a,f3,t)\^ +9{N' ■\/+)0{a,f3,t)dadp (3.2) 

Then 

^< JJ jG{dt+b-V^)9dad(3+{\\^ok-^L^+2\\Vv{t)U^^nit))E{t) (3.3) 



Proof. Let 9^^ be the harmonic extension of 9 to ri(t). Make a change of coordinate to (|3.1 
and (|3.2p . and use the Green's identity, we have 

(a^^ + aiV- V+)(6'o/c) = Gofc and 
E{t)= [[ -\dt{9ok)\^ dad/3 + [ \V9''\'^ dV 



a 



o(t) 



We know 



— jj -|9t(6i ofc)|^ dad/3 = JJ --dt{9ok)dt{9ok)- -^\dt{Qok)Ydadl3. 

To calculate ^ /j^^^^ \V9^\'^ dV, we introduce the fluid map X{-,t) : fi(0) — > Vl{t) satisfying 
dtX{-,t) — v(-,t), X{-,0) = /. From the incompressibility of v we know the Jacobian of 
X{-,t): J{X{t)) = 1. Let A = 9* + v • V, we know 

3 

DtV9^ - VDt9^ = - ^ Vvj%.6''' (3.4) 
Now applying the above calculation, we have 



^/ \V9^\^dV^^[ \V9''\X{-,t),t)\^dV 
dt Jn{t) dt Jo(o) 

= 2 [ DtV9^' ■V9^\X{-,t),t)dV ^2 ( DtV9^-V9^dV 
Jn{o) Jn(t) 

= 2 [ VDt9^ • - 2 V [ \7vjd^^ 9^ ■ ^9^ dV 

Jn{t) j^j^ Jn(t) 

3 

= 2 // dt{9ok){N ■V+){9ok)dadp-2Y] [ \7v^d^£^ ■ \79'' dV 
J J ~~f Jn(t) 



(3.5) 



In the last step we used the divergence Theorem. So 

3 



dE 



[ -dt{9 ok)G ok- ^\dtieok)\^ da dp -2y2 [ Vw^df^M^ -^9^ dV (3.6) 
Making a change of variable C/^T^ and using the Green's identity gives us (|3.3p . □ 
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Lemma 3.2 (Basic energy equality II). Assume that Q is a smooth €(¥2) valued function 
satisfying 8 = —HQ, and 

((dt + b-W±f -AJ\fxV}e = G (3.7) 



Let 



Then 



E{t)^ JJ j\{dt+b-\/i_)e\^ -e-{{Af xV)e}{a,P,t)dad(3 (3.8) 

^ - JJ{jG-m + b- V^)e} _ ^ o fc-il|(5, + 5 • Vi)ep}dad/3 

{{e-iufsOa) - e • {uaQp))+Afx Ve • [dt+b-V^,n]e}dadf3 (3.9) 



+ i JJ{{M ■V+ +M ■V-)e} ■[dt + b-\/^,n]Qdadp 

Proof. By making a change of coordinates Uk we know Q satisfies 

{d^ ~aN X V)e ok = Gok and 

E{t) = jj i(e o fc), . (6 o fc), - e o fc . {{ipd^ - ea9/3)(e o k)} dadp 

Therefore 



^ = yy {-(e o k), ■ (9 o fc),, - -i|(e o A;),|2 - e o A; . {(6;3a„ - 6a5;3)(e o k)} 
- ieok)t ■ {{N X v)(e ofc)} ~eok-{{N X v)(eofc)j} dad/3 

Now from the assumption 6 = —HQ = \{I ^ H)Q, we have 

(9 ok)t = ^(I- io)(e o k)t - ^[dt,m o k 

and 

[9t,^]eofc = .^([at,i5]eofc) (3.11) 

Using integration by parts, and the fact that for $ satisfying $ = ±i5$, iV x V$ = TV- V^$0 
and • is self-adjoint, we have 

e ofc • {(iV X V)(eofc)t} dad/3 
= \JJ eok-{{N X V){I-Sj){eok)t}dadp-^JJ eok-{{N X V)[dt,Sj]eok}dad(3 
= \jj {NxV)eok-{{I-Sj){eok)t}dadl3-^ J J {N ■ \/+)e o k ■ {[dt,Sj]e o k} dadf3 
{N X V)e ofc • {{eok)t}dad(3 + JJi^>^ V)e o fc • {[at,i3]e ofc} dad/3 
{N-V^ + N- Vpe o fc • {[dt,Sj]e o fc} dad/3 



1 



Sum up the above calculation and make a change of variable C/^, ^ gives us p. 91) . □ 



We know <1> = ±S)^ implies $ is analytic in Q{t) or Q{t)'^, i.e. 2?^$ = 0, therefore N X = ■ V^*. 
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In what follows in this section we make the following assumptions on the solution. Let 
I >6, 1 + 2 < q <2l, ^ = /?, t), t G [0, T] be a solution of the water wave system (fL23l) - 
(|1.24p . Assume that the mapping k{-,t) : — > defined in (|1.28p is a diffeomorphism 
and its Jacobian J{k{t)) > 0, for t e [0,T]. Assume for d ~ da, dp, 

r^dX, + b ■ Vi)x, r^idt + b ■ e C{[0,T],L^{E.^)), for IjI < q. (3.12) 

and 

sup V {\\r^d\{t)\\2 + \\T^dm\2 + \\r'm\\2 + \\rHdt + b-v^Mt)h)<M 

10,T] |,|<,+, 

3 = 0c,0f, (3.13) 

\({a,(3,t) - C{a',P\t)\ > i(|a -a'l + \(}-f3'\) for a,l3,a'f3' G M 
where < Af < Mq, Mq is the constant such that all the estimates derived in subsection l2.3l 
holds and such that \A — 1| < i. 

We have the following 

Lemma 3.3. Let 2 < m < min{2Z ~ 7,q — 5}, t G [0, T]. There exists Mq > sufficiently 
small, such that for M < Mq, 

t J2 {\drx{t)\oo + \drt{t)\^)<EliUt)il+t E \dT\it)\^ + \dTMt)\oo) 

(3.14) 

In particular, for 5 < m < min{2Z — 11, q — 5}, we have 

J2 i\dr\it)\^ + \dTMt)U<T^XiUt) (3.15) 

Proof. Let t G [0, T], i < m < min{2/ — 7, g — 5}. From Propositions 12.41 and 12.161 we have 

ti\drxit)\^ + \dTXt)u<Eii]{t)+t E iww'xmh + ww'mh) (3.16) 

|fe|<3+i 

We estimate \\^T''x{t)\\2 and ||<pr'^o(i)||2 using (fL35)) . ([2:401) . We know for (j) ^ x, 0, 

«prfe0 = + [7?, r'=]0 + (*p - 7')r''(/) 

Let fc < 3 + rn < min{2; - 4, g - 2}. We know E2+i{t) < M^. Using (EH), ((2l4l) . 
Propositions l2.1(3l 12.171 we have for (p — x, 0, 

||[7',r'=]^(i)||2 <i?fe/'(t) E (iarMOU + |art)(i)|oo), and (3.17) 

|i|<[#l+2 

11(^5 - 7')r'=x(0ll2 < Eli\{t) i\9^'x{t)\oo + |5ro(t)|oo) 

(3.18) 



i|<4 

a=aa ,a„ 
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We now estimate ||r'^'Px(0ll2- From ()1.35|) . (12. 8|) . we know there are two types of terms in 
T'^Vx- One are terms of cubic and higher orders. CoUectively, we name such terms as C. 
Another type are quadratic terms of the foUowing form: 

Qj = J J K{C - C)(^« - r'^^^') X {C(3,d^, - C,dp,)r'''-'u' da' dp' 

For the cubic terms C, we use Propositions \IM \T7\ \TW[ \JJ7\ We have 

\\Cit)h<El/\t) J2 {\drx{t)\^ + \drm^). (3.19) 

|i|<(^l+2 

For the quadratic terms Qj with j < [^] + 1, we use Proposition 12.71 and 12.16] 12.171 We 
have 

\\QM\2<El^'{t) i\d^'x{t)\oo + \drMt)U. (3.20) 

l'l<[-ll+l 

To estimate ||Qj(i)||2 for k > j > [^] + 1, we rewrite it by using Proposition [2TTl] 

Qj = \jj ^(C - C)(r-'" - r'^^^') X {C'p,d^. - Cdp'W + ^0 + H'))r'''-'u' da' dp' 

Applying Proposition 12.61 Lemma l2.131 we obtain 

\\QAt)h <II^'^WII2 {\d{i + n)r''-^u{t)\^ + \d{i-n)r''-^u{t)\^) 
<||fMt)l|2 mi + n)T'^-^u{t)\^ + \dT^-^u{t)U) 

We know from the fact —Hu — that 

(/ + n)T''-^u ^ v^-^i-n + H)u ~ [t''-\'h]u 

Applying ((235l) . ((2J)) . Propositions [2Jl ^IM [27fl [2J6l [TTTl we get 

\d{i + n)T'^~'u{t)\oo<El':]^^{t) Y \9^'x{t)\oo< Y l5rMi)loo 

i|<fe-i + 2 ln<k-j + 2 

Here we used the fact Ei+2{t) < Mq- Therefore for fc > j > [|] + 1, 

\mt)h<El^'it) Y (|9rx(0U + |9r't>(01oo) (3.21) 

|i|<[#l+2 

Sum up |3T9| - ((3:211) ■ we have 

\\r''rxm2<El^'{t) Y (|arMi)U + |ar't>(t)U) (3.22) 

»l<[-|l+2 

^ 1 11.241 1 gives Ti.u = u, therefore —"Hu = u. 
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A similar argument gives that 

WT'^vmh < Eli\it) Yl (IsrxWIoo + iaroWloo) (3.23) 

|i|<[|l+2 

Combine ([XT71) - ([X^ . we obtain 

i|<max{[|]+2,4} 

(3.24) 

\\W'mh<El%{t) Y {\drx{t)\oo + \drx,{t)U. 

|i|<max{[|]+2.4} 

This gives us p.l4p . For t < 1 (|3.15p can be obtained from the Sobolev embedding and 
Proposition [2TI6I For t > 1, (|3.15p is obtained by first applying (|3.14p to the case 5 < m < 
I - 3, i.e. when [^^±2] + 2 < m and 5 + m < I + 2 and using the fact Ei+2{t) < ; then 
applying p.l4p to the case m < min{2; -11,9-5}. Wc know in this case [2^^] + 2 < Z - 3. 

□ 

In what follows we establish two energy estimates. 

3.1. The first energy estimate. The first energy estimate concerns a full range of deriva- 
tives. We use Lemma [Q and (fOSj) . ([MQl). 

Assume that is a C{V2) valued function satisfying the equation 

((a* + 6 • V_l)^ - AV X V)0 = G"^. (3.25) 
Let $J (/ - n)T3(t>. We know for V ^{dt+h- V ±_f - AN xV, 

[[dt + b ■ V_l)^ -ANy. V)$^' = -[V, n\T^cf) + [I - n)[P, + (/ - n)^^^. (3.26) 
Notice that = -H*-'' implies TV x V*^ = TV • V^*^ . Therefore 

i{dt+b-S/^)^ +AN-V+)<^' ^Gi; (3.27) 

where 

G| = -[-P, H]T^(I) H)[V, r^]0 + (/ - H)T^G'^ + A{Af ■ \/+ + Af ■ 

Define 

Ff{t) = ^1(9* + b ■ Vx)$^ («, AOI' + ■ (AA • V+)$^ (a,/?,t)dad/3 (3.28) 
We know // ■ {Af ■ \7+)^Ha, f3,t) da d(3 = J^^^^ \V{<P^Y'\^dV > 0. Let 

^nit)= + (3-29) 

ITI<n 

and = (/ - n)r^v, W = (/ - 7i;)rJx- We have 
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Lemma 3.4. Let n < q, t ^ [0, T] • There exists Mq > small enough, such that for 
M < Mo, 

^ // ^(K^t + ^ • ^±W'ia, f3, t)\^ + m + b- Vi)ff (a,/3, t)p) dadp ~ E^it) (3.30) 

lil<n 

Proof. Notice that \{I + H)rJ> + We know Ux = -X- So for </> = x, 0, 

(/ + H)Px- -[r^H]x, (/ + 7^)r^D = -[p,H]o-p[at + fe-Vi,H]x (3.3i) 

([SlSO]) follows by applying Lemma [L2l Proposition [221 IM]), Propositions [2H[27l EH and 
(p:Bn)) to (P3T|) . □ 

We now state the following energy estimate. 

Proposition 3.5. Let 3 < n < min{2/ — 4,(7}, t S [0,T]. There exists Mq > sufficiently 
small, such that for M < Mq, 

E {rdx{t)\oo + rdm\oo):Fnit) (3.32) 

|i|<[f 1+2 

Proof. Let = Xj bl < From p.27p . applying Lemma [3. II to each component of $^ 
then sum up, we get 
dF^ (t^ 

^^<l|G,^t)||2{i^^t)}^/' + (||^oA:-i|U.,+2||VvW|U^(O(,))F,n0 (3.33) 

Notice that v is Clifford analytic in Q{t). From Lemma |2.13[ and the maximum principle, 
we have 

l|Vv(t)||ioo(o(t)) < \dau{t)\^ + \dpu{t)\^. (3.34) 
Applying Lemma HH] ([Mil) , Proposition !^ ?IlWni\ to (H^S]), we obtain 

'k-'\o.< J2 (|r^9x(i)loo + |r'at)(t)|oo). (3.35) 

i|<3 

We now estimate ||Gj(t)||2 for (p = Xi f. We carry it out in four steps. Let 

G]^-G^,i+G|^2+G|'_3 + G^^4 (3.36) 

where Gf , = -[r,n]T^, G^^ = (/ - 'H)[r,T^]^, G^^ = (/ - 7^)r^"G'^, and G^^ = 
A(7V- +7V- V^)$^'. 
Step 1. We have 

l|G^,iWll2< E \du{t)U\\dT=x{t)h + m+b-V^)T^x{t)h) 

(3.37) 

\\Gl,{t)h< E \du{t)\oo{\\T^mh + \\{dt+h-V^)T^mh) 
This is obtained by using Lemma [L^ and applying Propositions 12. 6[ 12.71 



o , 

a 
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Step 2. We have that for (p — x, 0, 

iiGt2Wii2< E irdxit)\oo + rdm\oo)Ey^ity/' (s.ss) 



(3.39) 



i|<ltl+2 

This is basicahy (PT7)) R The estimate for the operator (/ — 7i) can be obtained by applying 
Proposition l2.6l 

Step 3. From Propositions 12.191 12.61 we have 

\\GU*)h^ E i\dKtU + \dm\oo) E ll<9r-'xWI|2 

d — da,dj3 d — da-dj3 

\\GUt)h< E {\d'Mtu + \d'i{t)\oo)\rmh 

l<i<3 

Step 4. We have that 

iiG^.3Wii2< E {rdx{t)\oo + rdm^)E\l'{t). (3.4o) 

|i|<[-3-l+2 

\\GUt)h< E (|r'ax(t)|oo + |rat,(t)|oo)i?if(t) (3.4i) 

i|<[tl+2 

(|3.40p is obtained by using Proposition 12 . 61 and (|3.22p . 

However we cannot derive p.4ip from (|3.23p , since there is a foss of derivative in p.23p . 
This "foss of derivative" is due to the term AupXa — AuaXp in G". To obtain p.4ip we 
need to take advantage of the projection operator I — 1-1. We rewrite the term 

(/ - 'H)T^{AupXc. - Au^xp) = - H)iAr^upXc. - APu^ xp) 

(3.42) 

+ AT^Ua xp) 

in which wc further rewrite, using the fact u = Tiu, 

{I - H){Ar^UfjXo. - APua^Xfj) = [Pdp,n]uAxo. - [Pda,,n]uAxp 

(3.43) 



+ Y,i[A^cX^,'H]^^^pu - [A^px^,'H]^^^c,u)e, 



i=l 

Here Xi is the component of x- Now with aU the terms in appropriate forms, (|3.4ip results 
by applying Propositions 12.61 12. 7[ 12. 9[ and Proposition 12.161 12.171 

Sum up Steps 1-4 and (|3.34p . p.35p . and applying Propositions I2.16[ I2.17[ Lemma \3A[ 
we get (13311). □ 

3.2. The second energy estimate. We now give an estimate that involves some lower 
orders of derivatives. We use Lemma [3.21 and (|1.35p . (|2.40p . 

Assume that satisfies (IX^ and let = (/ - H)r^0. We know satisfies i.e. 



^Notice that lIXTTt . l3T22l l (used in Step 4.) in fact iiold for k < min{2Z - 4, q}. 



GLOBAL WELLPOSEDNESS OF THE 3-D FULL WATER WAVE PROBLEM 39 

where 

= -[V ,n]T^ (t) + [I - li.)[V ,T^](t) + {I - n)T^ G"^ (3.44) 

Define 

r^*(i) = yy^|(9t + 5-V_L)«'^p-$^ -(A/'x V)$^(a,/?,t)dad/3 (3.45) 
We know - // $J • (AA X V)$J(a, /3, t) da d(3 = J^^^^, |V{$J}'"f dV > 0. Let 

S^it)^ J2{F'',{t) + Fjit)) (3.46) 
lil<» 

We have 

Proposition 3.6. Let I > 15, q> 1 + 9, t E [0,T]. There exists Mq > small enough, such 
that for M < Mq, 



< <^W<^W<^(t)(^^)^ (3.47) 



Proof. Let (j> — x,'o, \j\ < I + 2. We also use j to mdicate |j| in this proof. Assume t > 1. 
The argument can be easily modified for t < 1. Applying Lemma 13.21 to we have 



dF ft) r r 9 n 1 

-j^ = jj {^C^ ■ m + b ■ Vi)$-'"} - ^ o k-'j\{dt + b ■ Vi)<i>-'f }dad/3 

{($^ • {up<i>i) - $^ • (ua$^^)) +Mx -[dt+b- V±,H]$^} dad/3 (3-48) 



{(A/"- V+ +A/'- V^)$^} • [9t + 5- V_L,H]$^ dad/3 



Using LemmaEm (fOS]) . PropositionsEHEJlESlEllwith r = i, and FropositionsEHHEIlTl 
we obtain 

,0* 

a 



|-ofc-iA(oioo < V |rau(t)U V |ru;(i)loo(i + inO 

a — ' ^ — ' 

li|<i |i|<l 

+ 5] {rdu{t)u + rw{t)u){\\dum2 + \\w{t)h)- 

+ J2 \^'duit)\i+ E rdx{t)uj2r^it)\^+ E r^umi) 

|i|<2 |i|<l |i|<2 |i|<2 

a=aa,3i3 a=aa,ap B=aa,ap 

< E (ir'^Wloo + |rati(i)|oo){(|r*5x(t)U + |r5o(t)U)(i + hrt) + E,{ty^^j} 



i|<3 

a=aa,aa 



(3.49) 

We now estimate jj M x V$^' -[dt + b- V_l, da d/3. We know [Sj + 6 • V^, = 
(/ + H)[(9t + 6 • V_L, Therefore using Proposition [2Jl we have 



A/'x • [9t + 6- V_L,H]$^dad/3 = / / {(/ + H*)7V x V$^} • [9t + 6 ■ V_l, H]rVrfa d/3 

(3.50) 
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Now 

(/ + n*)J\fx = (H* - H)M X + (/ + n)J\f X V$^' 
= (n* - H)N X V$^' - [A/" X V, 
Using (|1.16p . Proposition 12.61 we get 

||(/ + 7^*)A/-x V<f>-'"(t)||2< (\d\(t)\oc^ + \dm\oo)\\dT^mh- (3.51) 

On the other hand, we have from p.lSp . Proposition 12.81 with r = t, 

\\[dt + b-v^,n]r^m\2<\Ht)U Yl |arv(OU(i + in<) + Y ll^rvwib^). 

i|<j+l |i|<3 
d = da,9fj 0=aa,ai3 

(3.52) 



Combining (|3.50p - (|3.52p . and further use Propositions 12 . 1612 . 1 7i we obtain 
A/" X V$J -[dt+b- Vi, da df3\ 
<E]'_^,{t)E\'\t) J2 rdxit)\^ 



|i|<2 



(3.53) 



( Y (.rdxit)\^ + rdm\oo)il + \nt) + Eli\it)h. 



i|<j+l 



The estimate of the term // { (TV ■ V+ + A/" • ) ^-J' } ■ [5f + 6 • V_l , ^-J' da d/3 can be obtained 
from Proposition [2719] and (|3.52p . We have 

{(A/"- V+ +A/'- V^)$^} • [dt+b-V±,n]<S>^ dadpl 



<E]'\t)El'\t) rdx{t)V_ 



(3-54) 



( Y {rdx{t)\oo + rdmoo){i+\nt)+E]i\{t)\). 



i|<j+l 



Now 



• {(a* + 5 • Vj.)$^ }dad/3 = //(^ " • m + b ■ V ^)<^'}dadl3 



JJ G'll ■ {{dt + b ■ Vi)$^ }dad/3. 



(3.55) 



The term JJ{\ — l)Gj ■ {{dt + b ■ V ±)^^}dad(3 can be estimated as the following: 

\JJij- • m + b ■ y^)<P^}dadp\ <\A- lU\G^{t)h\\idt + b ■ Vx)<f>ni)||2 

Wc know = Gf^ + Gf^ + G^^, where G^^ i = 1,2,3 are as defined in (l336)l . Using 
p.37p . p.38p . p.40p . p.4ip . and notice that the n in these inequalities can be replaced by 
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j. We have by further applying Proposition 12. 171 that 



-A 

<E,{t) (|raxWloo + |r9t.(i)|oo) Y. {rdx{t)U + rdx>{t)U). (3.56) 

We now estimate the terms // G* ■ {{dt + b ■ V±)<^^dadp and //{(«'■'' • (u/3$^) - ■ 
da dp for = Xj ^- We carry out the estimates through six steps. 
Step 1. We consider the term // G^'^^ ■ {{dt + b ■ V±)$^}dad/3 for = x, »■ 
We first put the term // G'j i ■ {{dt + b- V ±)^^}dad(3 in the right form for estimates. We 

know (at + 6-Vi)$^ = il-n){dt + b-yj_)r^-[dt + b-y^,n]r^. using PropositionHH 

we have 



Gil ■ {{dt + b ■ V^)<P^}dadp - yy {(^ - ^)GJ,i} ' {(^t + b ■ V ±)T^ ^jdadp 
+ [[{{n- n*)Gl^} ■ {{dt + b ■ V^)T^(j)}dadp (3.57) 
G^i ■ {[dt + b ■ \/±,H]T^(l)}dad(3 

where by applying (|1.19p . p.lSp . and the change of variable Uj7^, we know 

-Gf, = 2jJ K{C -0{u- u') X {Cp,da.' - CL'dt3'M + b' ■ V^)T'' ^' da' dp' 

+ JJ KiC - C) {(" - u') X iu'i3,do., - u'^,dp,)T"(l)'} da' dp' (3.58) 

+ // iiu' - u) ■ V)KiC - Oiu - u') X iCp'd'^ - Cd'^)T"^'da'dp' 



Let jf = 2JJ K{C' -C) {u-u') X {C'p,da> ~Ca'9f3'){d't + b' ■V'^)T'^ (j)' da'dP' . To estimate the 
term JJ {{I — H)G^ ■ {{dt + b ■ V ±)T^ (pjdadp, we use Proposition 12. Ill to further rewrite 



{I-H)4 = {I-H) J J K{u-u')x{Cp,do,,-C,dfS'){I+H'){d't+b'-V'^)T"^'da'dp', (3.59) 

and notice that Tix = — Xi so for cji ~ x,^i 

{I + H){dt + b- Vi)r-'x ^-[dt + b- W^,H]T^x -{dt + b- Vi)[^^ H]x, 

{I + H){dt + b-V^)T^c = {I + H)[dt + b-V^,T^]t> (3.60) 

+ [H, r^{dt + b ■ Vi)o - r^' [{dt + b ■ w^)\.H]x- 

With (in37D-(iniDD, JJ Gil ^ ■ {{dt + b ■ W±)<S>^dadp is in the right form for estimates. 
Using Lemma O Proposition [121 (EH), Propositions HH (23 [SiH] with r = i, andHH we 
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get 

\\{i-n)jf(t)h< E \d<t)\oo\\{i + n){dt + b-v^)Vx{t)h 

d=da.,di3 

< J2 \du{t)\o.Efit) J2 rdxm 



3=9^,0, (3.61) 
\du{t)UE]'\t){ \drx{t)\ui + ^^t) + E]'\t)\) 



and 

.1/2/ 



\\{i-n)Ji{t)h< \du{t)\^Ey'it) Y \dr'm\c 



i|<3 
9 = S„,9, 



'13 



Y \du{t)\^Ey\t){ Y {\drx{t)\^ + \drv{t)\^){l + \nt) + Ey\t)-^) 

d=da,,di3 |.|<[il+2 



1 (3.62) 



a=a„ ,a« 



"13 

Applying Propositions \Z7[ with r ^ t, and \TW[ \TT7\ to other terms in ([XFT]) and 
using p.37p . (|3.52p . we obtain for = x, 0, 

I f j ■ {{dt + b-v±)^'}dadp\ < E,{t) Y (l5rV(i)|oo + |aro(t)|oo)x 

|i|<2 

{{E]'^S) Y \d^'x{t)\^+ Y {\dT\{t)U + \dTMt)\oom+lnt)+E]i\{t)\} 

|i|<ril+2 |i|<3 + l 

(3.63) 



Step 2. We consider the term // • {{dt + h ■ V A_)^^dadf3 for </> = x- 
From (|1.35p . we know consists of three terms G^ — Ii + I2 + h- In particular, the 
first term 



(3.64) 

i^(C'-C) {u-u') X (C;:,,^^. -Ca'5^'){(^ + W'K + (^-W'K}^^«'rf/3'■ 



Rewriting 

(/ - H)P/i = + P(/ - W)/i, (3.65) 

where using Proposition 12 . Ill we deduce 

{I-H)h = {I-n)\ [[ K{C' ~0{u~u') X [C'p'dc.' -Qdp'){{I + n')^}da'dl3' 



2 „ . 

K{C -Oiu- u') X (C^,5„. - C'dp'){{I + H'W} da'dp'; 

(3.66) 

furthermore from (fL^ . we know (/ + H)u = (-H + n)u. Now with ((3?64ll - (|3?66l) . aU the 
terms in G^;^{t) — {I ~ Ti.)T^G^ are in appropriate forms for carrying out estimates. Using 
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Propositions EH EJl [Ml andEHH we obtain 



\i\<j 

o=a„,a 



'f3 

X 



( rdu{t)U{l + \nt) + E]'\t)-) 



»l<[il+2 



Further using Proposition l2.171 we get for <t> = 
I jj Gl^-{{dt + h-SJ^W}dadp\ 

<E,(t){ rdx{t)\oo+E]^^\{t){ J2 raxwioo(i+int) + i)} 

i-i<[ii+2 (3.67) 

( E (r%wioo + r9o(i)ico)(i+ini)+<'(t)i) 



a=o„,an 



'l<[^l+2 
9 = 8„ 



"13 

Step 3. We consider the term // ■ {{dt + b ■ Vj_)<^^}dadp for (j) = V. 
From (|2.40p . we know 

GU = - n)T^{- ° fc^'AAA X Vx + A{ufiXc - uo^xp) + (dt + b ■ W^)G^) (3.68) 
a 

In this step, we will only consider the estimates of ||(/ — 7Y)r^(— o k^^AM x Vx)(i)||2, 
II (/ - H)Tiiidt + b ■ Vi_)G^){t)\\2 and || (/ - n)r^iiA ~ \){upXo_ - Mc<X/3))(t) lb- We will leave 
the estimate of ||(/ — l-C)V^{uj)Xa — UaX/9)(^)ll2 to Step 5. 

First, we have by using (lOS]) . LemmaEHl and PropositionsEHEJlEHEll and [TT6l[2Tfl 
that 

ll(/_H)P(^ofc"iAAAx vx)(i)||2<i?j/'(t) E (|rax(t)|oo + |r9t,(t)U) 



(3.69) 



( E (|r«ax(Oloo + rat>(Oloo)(i + ini) + <'(t)i: 



i|<[^l+2 

d=aa,af3 



And using Propositions I2.16i 12.171 we have 

||(/ - H)T^iA - l)iu0Xa - u^X0)m\\2 < 

E {rdx{t)\oo + \rdmoof (3.70) 

i|<l|l+2 

We handle the estimate of ||(/ - H)T^ {{dt + b ■ V±)G''^)(i)||2 similar to Step 2 by rewriting 
the term (/ — HjT^ {dt + b ■ V±)Ii, where Ii is as defined in (|3.64p . as the following: 

(/ - n)T^{dt + b ■ Vi)/i - [T^,n]{dt + b ■ Vi)/i + r^ia* + b ■ y^,H]h 

(3.71) 

+ T'{dt + b-V±){I -H)Ii 
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and use (I3.66|) to calculate {I — H)Ii. We get, by using Propositions 12 . 6| . 12.71 12 . 81 with r = t, 
and Em EH] that 

11(7 - H)T^m + b ■ V^)G^)(t)|l2 < E^ilit) 

x( E irdx{t)\oo + \rdm\oo)a+ir^t)+E'/\t)^f (3.72) 

|i|<[4l + 2 

Step 4. We consider the term J J Gj2 ■ {{dt + b ■ V_L)$^}dad/3 for </> = x ^nd 0. 
We know 

i 

G^2 = (/-H)[7',P]0 = ^(/-7^)r-''-'=[p,r]r*^-V. 

fc=i 

A further expansion of (|2.5p gives that for F = dt,da,dfs,w, 

[T,r] = -{(f (A - i)(C/3aa - Ca5^) + Aidptxdo, - d^txd0)}+ 

(3.73) 

{f{dt + b ■ Vi)6 - f 6 • V^b} • Vi + f 6 • {{dt + b ■ Vi)Vx + S7j_{dt+b- V^)} 
where f / = dtf, daf, dpf, wf + i/ea, f / = 5*/, 9^/, dpf, {tu - 563)/ respectively. Also 

\U,V\ = -V- {Lo{A - l)(C;39a - (^cdp) + A(5^(Lo - /)A5„ - a„(Lo - I)Xdp)} 

+ {Lo(9t + ■ Vi_)b - {Lab - ^b) ■ W±b} ■ V_L (3.74) 

+ {Lob - h) ■ {{dt + b ■ Vx)Vx + w^{dt + b ■ Vx)}. 

Therefore typically there are three types of terms in [V, r^](j> — J2k=i T"'"'^ [P, FjF'^^^f/). The 
first type (C) are of cubic and higher orders and are consists of the following: 

rj-fe{r(A - m^d^ - Ca5;3)}F'=-V, z = 0, 1, fc = 1, . . . , J 

r^~^{r{dt + b-v±)b} ■Wi_r''-^(P, T^-''{rb-w±b} ■v±r^-'^(j) (3.75) 

r^->'{n ■ {{dt + b ■ Vx)Vi + v^{dt + b- Vx))}f'=-V, 

The second type (Q) are quadratic and are consists of the following: 

T^-''{A{dprxd^r'-^^ - do^rxdpT'^-^q^)} i = o,i, k^i,...,j 

(3.76) 

T^-''{A{dpXe3d^T''-'cj) - d^Xe^d^r'^-'cj))} 

And the third type is of the form F^^'^'PF'^^^^ for some 1 < fc < j, which can be treated 
in the same way as in Steps 2-6. We first consider the terms of the first type (C) and 
let the sum of these terms be C{t). We have, by using Propositions 11.41 [2.61 12.71 1 2.81 with 
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r ^ t, EH Em that 

W-n)c{t)\\2< 



J2 iiriA i){t)h + iir (a, + b ■ v^mh + \rmh) ^ 

\i\<j KI<[jl+2 

+ ^ (||r(A-i)(i)lh + l|rxa, + 6-v^)6(t)lb + lir6(0ll2) E I5rv(t)u+ 

Kl<[f]+1 |.|<[il+2 |i|<[i] ai'jl^a 

<Ey\t){{i+\nt) E (r%(i)ioo + r9o(t)ioo)+4/'w^} 



|i|<[§) + 2 



{ E |rax(t)|oo + |r9t,(t)|oo + i?;i3W( E rsxWIooa + inO + y)} 



lil<j+l 



(3.77) 

We also give the estimates of the fonowing two cubic and higher order terms in p.76p . First 
we have for (j> — D, fc = 1, . . . , j, i = 0, 1, 

11(7 - H)P-''{{A - i)(a^PAa„r'=-V - d^rxdpV^-'^mjh < 

E irdx{t)\oo + rdv{t)u^ (s-ts) 

i|<[j] + 2 

Recall definition (|1.36p : A = A* — IC^e^. We have for = x, D, ^ = 1, • ■ • , j, « = 0, 1, 

11(7 - ?i)p-'={5/5r/C3e3a„r'=^V - 5„r/C3e39/3r'=-V)(t)}||2 < 
^j^'W E (|r'axWloo + |r5t>(i)|oo)'(n-in<) 

8 = 8q,9^ (3.79) 



^.Wj E (|r^5x(t)|oo + |n9t,(t)|. 



t 

KI<[il+2 
8=80.0,3 

Therefore the only terms in (I3.76P that are left to be estimated are the following 

p-'^'{a;3r'A*9„r'=- V - a„rA*(9/3r'^'- V} 

(3.80) 

p-*'-{5^A*e39„r'=-V - 9aA*e35^r*=-V}, ^ = 0, 1, A: = 1, . . . ,i. 

Step 5. We consider the term {I — H)T^ {upXa — UaXp) in ^^,3; the term ■ {up^l^ — 

Ua^^fj)} da dp for D in (|3.48p . and those terms in (|3.80p for = 0. Without loss of 
generality, for terms in p.80p with = 0, we will only write for 
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Using ()2.28|) . we rewrite 



2 

dfjudaX - daudpx = -{Tu9t(e29a - ei9/3)x 

+ d0uflQj^{e2da - eidf3)x - dauVL^^{e2da - ei9/3)x}, 



(3.81) 



and 

Notice that [^l'^^,e2da — eidp] = Te2C?t, [5^o2'629q — eidji] — ±eidt- Using Proposi- 
tions [HI [HIT] and (P131) . ([TT7)) . we get 



< 



\{E]i\{t) + tY,\r^-x(t)h) J2 {\drx{t)\oo + \drMt)U) 

\i\<3 |i|<[4l+2 

+ i^{Ey\t)+t wr^-xitm irdtdx{t)\oo + \rdu{t)u 

Further applying p.24p and (|2.2p . we obtain 

II (/ - H)P(a;3ua„x - d^udpx)m2 < 

E'Am E i\drx(t)\oo + \dTMt)\oo) + j) E (|arMi)U + |9ro(t)|oo) 

l'l<[fl+2 |.|<[il+2 

+ E |5r'x(i)loo + |arti(t)U + ^)x 

|i|<[f 1+2 

( E |5rxWloo + |9roWIoo + i?j|3W( E (|5rxWloo + |aro(i)U)(i + int) + ^) 

(3.84) 

Similarly, 

||(90?/9«$^-a«w5/3$^Kt)||2< 

E 7(l|T«(t)||2|at9$^(t)|oo + |a7/(t)UI|l]o^(e25a - eidp)<!>^{t)\\2) 

.=1.2 ^ 
8=80,9^ 

For (j) — x>, d — da, dp, we know 

dtd<i>^ = dtd{I - H)Po ^dt{I~ l-L)dVx> - dt[d, H]r^o 

(3.85) 

= (/ - H)ataPo - [9t,7^]ar^t) - 9t[a,H]r^t) 
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Therefore using Propositions 12.81 12.91 12.161 we have 

\dtd^'{t)\oo< i\^'dv{t)\oo{l+lnt) + E^il{t)j) (3.86) 



i<j + 2 
= aa: .3 



'13 



Using further Propositions 12.161 12.171 12.31 we obtain 



< 



\E]'\t) {\rdv{t)Ul + lnt)+E^il{t)^) 

i<j + 2 

+ Y (ir9xwioo + r9^'WU)(7£;j{2W + ii^"*''wii2) 



(3.87) 



t 

i<2 

d=a„ ,a„ 



We know from (l337l) . (l338l) . (lOTIl the estimate of ||p-4>^(t)||2 = \\G^t)\\2. Using further 
^J^, Propositions \TW[ [TT71 we have 

(3.88) 



i<4 

3=ac,a„ 



Therefore 

-^Ey'it) Y {rdvit)\^il + lnt)+E]ilit)-^) 

a=ac.ap (3.89) 

+ Y {rdx{t)\oo + rdv{t)UE]i\{t){\+ Y rdx{t)\oo + rdv{t)\^) 



t 

a=9a,ai3 



The estimate for ||(/ - H)T^-''{dpTX*do,T''-^V - daTX*df3T''-^v}{t)\\2 is similar: we have 
from (|3.83|) that for k = 1, . . . ,j, 

\\{I-H)T^-''{dpT\*d^T''-h - darX*df3T''-h}{t)h < 

jEfit) Y rd\*it)\^ + jiE'^i\it) + t Y l|r*p-rA*(t)||2) Y \drMt)\oo 



'l<i-l |i|<[|]+2 

a=a„,aa 



+ i(i?;/^(t)+t Y \rv-rx*it)h) Y r^mi^ 

Notice that 

<P+rA* = («p+ - V+)TX* + [V+,T]X* + TP+X* 
Using (12311), (imi .d^. Propositions ITTBl ITTfl we get for k < j - 1, 

\\r''V+rX*it)h<Eli\{t){ Y {rdxit)\^ + rdvit)Uil + \nt) + Ey'{t)l) (3.90) 
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Therefore 



||(/ - H)T^-''{dpTX*daT''-^o - do.r\*dpT''-^v}{t)\\2 < 



9 = 8„ ,aa 



+ ( E {rdx{t)u + rdv{t)\^){i+\^t) + \) (3.91) 



i<[f 1+2 



'=80. 



Step 6. Finally, we consider the term //{$^ ■ (u/3<i>i - Ua'^^p)} dadf3 for = x in p.48p . 
and the remaining terms 



(3.92) 

p-'={a^A*e3a<,r'=-ix - d^x*e3dpr''-'x} « = 0, 1, = 1, . . . , j 

in p. sop . Without loss of generality, among terms in p.92p . we will only write for 

Notice that the ideas as that in (I3.82p . p.83p doesn't work here, since we do not have 
estimates for ||<I'-'(t)||2 for = Xi and for |[Tr'^^-'^x(^) lb- We resolve these issue by using 
commutators. 

We first consider JJ {$■' • (w^$^ — Wq$^)} dadf] for (j> = x- Using integration by parts, 
we have 

J I ■ {up^i - u^%)} dadp=^ jj {<^'p ■ {u<^l) - ■ {u%)} da d/3 
Now for (/) = Xi we have, by using Proposition l2.121 



{dM - W)r^X • -dp{I- H)T^x ■ (u^i)} dad/3 

= - [[ {[da,n]T^x ■ {u-^'p) - [dp,H]T'x ■ {u'^>i)}dad(3 

(3.93) 

m* - n)d„Px ■ (u^'p) - {n* - n)dfjPx ■ (u^i)} da dp 

+ / / {doX'x ■ {{I - n){u^'0)) - dpT^x ■ {{I - H^wfi^mdadp 
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We further rewrite the term JJ{daT^x ■ {{I - - ^/jF^x • {{I " da d/3. 

We know Hu — u. Let $^ be the Ci component of , for i = 0, . . . , 3. We have 

do^T'x ■ {{I - n){udp^e,)} ~ dpT^x ■ {{I - n){ud^<^le,)} 

2 (3 94) 

^-dt{e2d^-eidp)T^X-{[T^i,n]ue,-[a,n]iudi3^ie,) + [/3,n]iud^^e,)} 

Further applying integration by parts gives us: 

y ^ at(e29a - e^dsi)V^x ■ {[T<Pi,n]ue, - [a,n]iudp<^ie,) + [/?, H](u9„$f e,)} dad/3 
= - JJ e2dtT'x ■ da,{[T<Pi,n]ue, - [a,H]iudp^e,) + [f3,H]iuda,<i>ie,)} dadp 
+ jj eidtV^x ■ ^p{[T^,n]ue, ~ [a,n]{udp^lei) + [l3,'H]{uda,^le,)} dadfi. 

(3.95) 

Through ((3J3)) - ([3J5l) we have put //{^^ • {up^i - dad/3 for </) = x in the right 

form for estimates. Using Propositions 12.61 12.161 Lemma [^31 we obtain 

I ff{<f^ ■{up<i>i~u^^)}dadp\< {i\dm\oo + mt)\oc)E,{t)\d^Ht)\^ 

d=da,,d,3 

+ \E]'\t)E]i\{t)\d^={t)U + W-T=x{t)hE]'\t)\d^m)\^ + \EMd^^'{t)\oo} 

We know for = X, 9 = da,dp, d^^ ^ {I - 'H)dT^x ~ [9,H]r^x- Using Proposi- 
tion HiHl YTM we have 

|a$^"(i)|oo + |T9$J(t)|oo< E |r^5x(i)|oo(l + lnt)+i?j|i(t)i 

i<i+2 

Therefore by further using (j3.24p . we arrive at 

1 1 ^ . {up^l-u^^%)}dadii\ < ( ^ \rdx{t)\oo{l+lnt) + E^i\(t)-^) 

i<j+2 

xEy'E]i\{ J2 (|r9x(i)U + |r^9t,wioo) + 7) 



(3.96) 



i|<[^l+2 



At last we give the estimate of ||(/ - n){Vi-'' {dpVX* dcX'''^X - dj:\* df3V''~^x}){t)h 
for k — 1, . . . , j . We first rewrite, 

= rj-\i - n){dpV\*dj:''-\ - d^T\*dpV^-\} (3.97) 
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Let r'^~^Xi be the a component of T'^^^x- Using the fact HX* — X* , we rewrite further 

= ^c.^'''^x^[^pr,n]x* - dpr''-\,[do.r,H]x* 

(3.98) 

+ [^c.^''~\^,n*]^p^x* - [dpr''-\,,n*]do^rx* 

and in which we rewrite [dar''~^Xi,'^*]9i3^X* - [dpr''^^Xi,'^*]9a^X* using the idea of 
(12:28)1 : 

-l{[^aT''-\^,H*]^p^x* - [dpT''-\,,H*]darx*} 

= i-[TT''-\,,n*]+^p^''-^X^[o^,n*]-^aT''-\,[(3,n*])^t{e2^^-el^p)^X* (3.99) 

+ [dpT''-\,,n*]n+,{e2da. ~ eidp)rx* - [^o.^''-^x^,n*]n+^{e2^o. - e,dp)TX*} 

Using ((3:971) - ([3:991) . and Propositions \2M [2Jl [2l6l [2l7l we have 
||(/ - H){T^-''{dpTX*d^T'^~\ ~ d^rX*d0T^''x}m\\2 < 
Ef{t) J2 \^'9x{t)U J2 rdxit)Ul + lnt)+Ey\t)l) 

i|<[4l+2 |i|<[fl+2 

+ 7^^'^ E |r'9x(t)|oo + ^(£;j{i(<) + < E lir^^^"rA*(i)||2) E l<9r^x(i)U 

'-^ |i|<j-l u|<[il + 2 



+ i(ijV2(t) + t ^ ||r^p-rA*(t)||2) ^ |rax(t)|oo 

Further using (|3.90p . we arrive at 

||(/-H)(p-'^{5^rA*aor^-ix - dc.rx*dpT''-\}){t)\\2 < 
( ^ (|rax(t)|oo + r9^;(t)|oo)(i + hii) + i) 



.<[il+2 

a=aa,afj 
X 



(3.100) 



Combine (lOSl) . (IM) . (13^31) . (1331) . (l336l) . (l3J3l) . (IM) . (IM) . (l3J0l) . IpjSl) . (ITfTl) . 
(|3J8| . (|3J9l) . dSUl), dSH]), dSUl), (|3J00l) . notice that for / > 15, g > / + 9, [|]+3 + 5 < / + 2 
and / + 4 < min{2/ - 11, 9 - 5}. Applying (|3T^ . we obtain (IOTI) . □ 



3.3. A conclusive estimate. We now sum up the results in Lemma[3]3l Propositions l3.5il3.6l 

Let e, L > 0, Mq be the constant such that Lemmas 13.31 13.41 Propositions 13.51 13.61 hold. 
Assume that 5^;+2(0) < e'^,Ti+3{0) < e^, and J^/+9(0) < L^. 
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Theorem 3.7. Let I > 17, q > I + 9, I < n < I + 9. There exists eo > 0, depending on Mq, 
L, such that for e < £o, we have 1. 

<^r^(0)(l + ^)l/^ /orie[0,r]; (3.101) 

2. 

tiilit) < {cL + l)e, for t £ [0,T], (3.102) 
where c is a constant depending on Mq. 

Proof. We know for ? > 17, ? < n < Z + 9 < g, 5 < [f ] + 2 < niin{2; - 11, 9 - 5} and 
[f ] + 7 < / + 2. From Lemmas [331 [33 Propositfon [331 we get for t e [0, T], 

^ < cM)^T^it) < c,(Mo)^^„(0, 

where co(Afo), ci(Mo) are constants depending on Mq. Therefore 

^«(t) < ^«(0)(1 + i)^'^^'^' for i e [0,r], T < T, (3.103) 

where Mi(r) = ci(Mo) supjo,,-] i?i+2(^)- ^PPlyi^S p.l03p . Lemma [?31 to Proposition [221 we 
obtain, 



d^i+2{t) 

< C2 



_ ^.(Mo)6L^;/l(0(l +t)*^^«(i±Mi±^)2 for t e [0,r] (3.104) 

where C2{Mq) is a constant depending on Mq. Let Eq = min{ , 2ci(Mo]{Lc+i) where 
c = c2(Mo) /o°°(l + t)-3/2(i + in(l+t))2dt, ande<eo- Therefore ci(Mo);?;^|2(0) < j- Let 
< Ti < T be the largest such that Mi(ri) < i. From (|3.104p we get 

d]il{t)<^eLc + e forie[0,ri] 

This imphes Afi(Ti) < ci(Mo)(iLc+l)eo < ^- So Ti = T or otherwise Ti is not the largest. 
Therefore (ISlml) , (IXT02l) holds for t G [0, T] . □ 

4. Global wellposedness of the 3D full water wave equation 

In this section we prove that the 3D full water wave equation (jl.ip . or equivalently (|1.23p - 
(|1.24p is uniquely solvable globally in time for small data. This is achieved by combining a 
local wellposedness result for the quasilinear system (|2.37p - p.38ll - (|1.38p and Theorem 13.71 

In what follows all the constants c(p), Ci{p) etc. satisfy c{p) < c{po), Ci{p) < Ci(po) for 
some po > and all < p < po- 

We first present two lemmas. The first shows that for interface that is a graph small 
in its steepness (and two more derivatives), the change of coordinate k defined in (|1.28p is 
a diffeomorphism. The second gives the regularity relation on quantities before and after 
change of coordinates. 
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Lemma 4.1. Let ^ = {a, f3, z{a, (i)), k ^ — {I + Sj)ze3 + M.ze3 be defined as in (11.28^ . 

1. Assume that N = Y] \i\<2 ||9'9z||2 < cxd. Then for d = da, dp, 

\d{k - P)\^ < c{N)N (4.1) 

for some constant c{N) depending on N . In particular, there exists a Nq > 0, such that for 
N < Nq, we have \d{k - P)\oo < j, j < J{k) < 2, fc : ^ 

is a diffeomorphism and 
i(|a-a'| + |/?-/3'|) < \k{a,p)-k(a',P')\<2{\a^a'\ + \P-P'\). 

2. Let q > 5 be an integer, and T — {9q,, cJn, Lq, ro}. Assume Y] i3i<g-i llF-'c^^ll iJi/2 — 

o=da,ai3 

L < oo. Then 

^ ||P9(fc - P)||^V2 <c(L)L (4.2) 

Ij|<<!-1 

for some constant c{L) depending on L. 

Proof. Notice that for P = {a, (3), k — P = —S)ze^ + ^zej,, and for d = da, dp, 

d{k — P) = —[d, S)]ze3 — Sjdze^ + [d, A]ze3 + Rdzes. 

(|i?T|) follows directly from applying Lemma [L^ (P?7)l . Propositions [SHI [131 [SH the 

inequality (|4.2[) follows with a further application of Lemma 6.2 of [38] and interpolation. 
The rest of the statements in Lemma ITT] part 1 follows straightforwardly from (|4.ip . □ 

Lemma 4.2. Let q > 5 be an integer, < T < oo. Assume that for each t G [0,T], 
k{-,t) : ^ is a diffeomorphism, and there are constants < ci, C2, /^i, /i2 < oo, such 
that^ii < J(fc(i)) < Ai2 andci\{a,l3)-{a',P')\ < \k{a, P,t)-k{a' , l3' ,t)\ < C2|(a, /3)-(a', /3')| 
for {a, (3), {a', 13') £ M^, t e [0,r]. Let s = or \. 

1. Let V — {da, dp, Lq, w}, and assume ^ iji<9-i ||r-'9(fc — -P)(0)||^f3 < L < oo. Then 

a=aa .a^ 

||r^(/ofc)(o)||^. <c(L) ^ ||r-'(/)(o)||^,= , 

lil<<j bl<9 

\\THfok-'m\\H^<ciL) Y wr^ifmus. 

\j\<q bl<9 

2. Letr = {dt, da, dp, Lo, w}. Assume for t e [0,T], J2 uii^-^-^ \\^^d{k- P){t)\\H- < L, 
E\j\<g-i\W'ktmHs <L,L<oo. Then forte [0,T], 

Y \nfokm\\H^<ciL) Y inimwH^, 

\j\<<i bl<9 

Y \\r^{fok-'){t)\\Hs<ciL) Y Wr^fmWH^- 

\j\<q \j\<q 
Here c{L) is a constant depending on L and ci,C2, ^i2, o,nd need not be the same in 
different contexts. 
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Proof. The proof of Lemma [421 is similar to that of Lemma 5.4 in [39]. The main difference 
is here we use the relations 

ad(3f - Pd^f = T/, ad^f + Pdpf = Lof - \tdtf 

to derive that 

+ a'' + 2 

and for T ^ vj, Lq, we use the identities 

T(/ o fc-i) = a^fc-i • (a V/ o fc-i) - • (/? V/ o fc-i), 

The proof follows an inductive argument similar to that of Lemma 5.4 of [39 , and in the 
case s = i, the proof further uses Lemma 6.2 of [3S] and interpolation. We omit the details. 

□ 

We now present a local well-posedness result. Similar to (5.21)-(5.22) in [35], we first 
rewrite the quasilinear system (|2.37p - (|2.38p - (|1.38p in a format for which local wellposedness 
can be proved by using energy estimates and iterative scheme. Let n = From (|1.23p we 
know n = n = \w+el\ ■ F^'o™ (|1.23p - (|1.24p . and the fact that yl > for nonself-intersecting 
interface (i.e. the Taylor sign condition holds, see [33), we know A\JV\ = \w + e^l and 
{AAf X V)ii = |w + eain ■ V^u. Let f = (I - 'H){U^'^{atN)). From the fact that a* is real 
valued, we know C/-i(at7V) = + t*)-^ {Re{hf}) , where /C* = RenHn. Therefore 

([07|) - ([08l) - ([r38l) can be rewritten as the following: 



(a* + 6 • Vi_fu + an • S/+u = -n(/ + /C*)^i(Re{n/}) (4.3) 



where 



W ~\- 63 

a=\w + ez\ n=-^ ■ r, w = [dt + b ■ SJ i_)u, 

b=]^{n-n)u-[dt + b- \/±,H]ie3 + [dt + b- Vj., /C]3e3 + ICuaea 
{dt+b-V±)C = u, ii=^{u + nu) 



f = 2lJ K{C' - 0{w ~ w') X {C'p,d^. - C'dp')^ da' dp' (4.4) 

K{C ~ C) {{{u - u ) X up,)\i!^, ~ {{u - u') X u'^,)iX'f^,}da'd(3' 
+ 2 I f K{C' - C) (" - W) X (C;,,a„. - Cd^^M + b' ■ V'^)il' da'd/3' 



+ jj {{u' - u) ■ V)K{C - Oiu - u') X {Cp,d'^ - C,d'p)i\! da' dp'. 
(I4.3p - (|4.4p is a well-defined quasilinear system. We give in the following the initial data for 
(j4.3p - (|4.4p . As we know the initial data describing the water wave motion should satisfy the 
compatibility conditions given on pages 464-465 of [55] . 
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Assume that the mitial interface S(0) separates M'' into two simply connected, unbounded 
domains, S(0) approaches the xy-plane at infinity, and assume that the water occupies 
the lower region il(0). Take a parameterization for S(0) : — ^"(a,/3), (a,/3) £ R^, such 
that iVo = C° X ^0 is an outward normal of f7(0), x ^J^| > ^, and /3) - £,°{a', /3')| > 

Co|(a,/3) — [a' for (a,/3), (a',/?') G and some constants /x, Cq > 0. Let 

e(a,/3,0) = (a;O,y",zO)=e"(«,/3), A 0) = u°(a, A 0) = tT,°(a, /3) (4.5) 

Assume that the data in (|4.5|) satisfy the compatibility conditions (5.29)-(5.30) of [38], that 
is u" = i35](o)U*', and 

n^" = -63 + (no • e3)no - no(/ + /Co)"^(Rc{no [9*, i3s(o)]uo + i5s(o) ("o ^ ^a)}) (4.6) 

where no — -$3^(q) ~ nof)s(o)no and /Cq = Rei^^^p^. Assume that fc(0) = fco = 

^° — (/ + i35](o))2:"e3 +.ft°z°e3, where — Re^s(o), as defined in (|1.28p is a diffeomorphism 
with its Jacobian vi < J(fco) < 1^2, and ci|(a,/3) — (a',/?')| < |fco(a,/3) — fco(a'7/3')l ^ 
C2|(a,/3) — (a',/3')| for (a,/3), (a',/3') G and some constants < vi, 1^2, ci, C2 < 00. Let 

C(-,0)=C°(-)=^^ + A"(-), u{;0)^u"{-), {dt+b-V^)u{;0)^w"{-) (4.7) 

where 

X'{-) = eok^\-)-P, «°(-)=u°oV'(-), u;°(.) = lr%fco-'(-) (4.8) 
Let s > 5 be an integer. Assume that for T = da, dfj, Lq, tu, 

^ \\r^dx'\\Hi/2 + \\r^u°\\„i/2 + ||P9«°||^i/2 + \\Pw"\\l2 + \\r^dw°\\L2 < oo (4.9) 

l3l<s-l 

We have the following local well-posedness result for the initial value problem (|4.3p - (|4.4p - 
(|4.7p with a non-blow-up criteria. 

Theorem 4.3 (Local existence). 1. There exists T > 0, depending on the norm of the 
initial data, so that the initial value problem (j4.3p - (|4.4p - (|4.7p has a unique solution (u, C) = 
{u{a,P,t),C{a,l3,t)) for t e [0,T], satisfying for \j\ < s - 1, T = da,df3, La,Tu, d = da, dp, 

T^d{C~ P),T^u,T^du e C([0,r],i/i/2(]R2))^ T'w,T^dw e C{[0,T],L^{M^)), (4.10) 

and\(:aXC0\>y, |C(«,At)-C(a',/3',i)l >^^i|(a,/3)-(a',/3')l for all (a, /?), (a', /3') £ 
and t e [0,T], for some constants Ci, ly > 0. 

Moreover, if T* is the supremum over all such times T, then either T* = oo or 

J2 \\r'wit)\\L2 + \\T^u{t)U2 

'^■'^'^'^^ (4.11) 

K/3)#(a^/3olC(«,/3,^)-C(a^/3^^)l 'l(CaxC/5)(t)r°='^ ^' ^ 
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2. Let P : M2 ^ M2 he the identity map: P{a,P) = (a,/3) for (a,/3) £ 

hti;t) = bihi;t),t), h{;0)=P(-), (4.12) 

and T < T* . Then for t G [0,T], h{-,t) : ^ exists and is a diffeomorphism, with 
its Jacobian ci(T) < J{h{t)) < C2{T) for some constants ci{T),C2{T) > 0; and ^(-jt) — 
C,{h{kQ(-),t),t) is the solution of the water wave system (ll.23p - (|1.24p . satisfying the initial 
condition (j4.5p . Furthermore, h{k(){-),t) = k{-,t) fort £ [0,r*), where k{-,t) is as defined 
in (|1.28p . and C, o k — S^, uo k — £^t, w o k — ^tt- 

Proof. The proof of part 1 is very much the same as that in 38J. The main modification 
is to use the vector fields F = da,dp, Lo,'cj instead of using only 9^, 8/3 as in [38], and use 
dt + b ■ Vx instead of dt- We omit the details. 

Let T < T*. Notice that for the solution obtained in part 1, b — b{-,t) is defined 
for t e [0,T]. Furthermore by applying Lemma fL2l Proposition [2?2l ([2^ . ((2?7|) . Propo- 
sitions [2?6l 12.71 12.91 Lemma 6.2 of 38 and interpolation, and (|4.10|) . we know for d — 
da,df}, and \j\ < s - 1, T^b, T^db e C{[0,T], H^^^{M.^)). Therefore for |j| < 3, d^b e 
C([0,r],C(M2) n i°°(M2)). Thus from the classical ODE theory we know ((4J2)) has a 
unique solution h{-, t) on [0, T], t) ■.'K? is a diffeomorphism with ci < J{h{t)) < C2, 

C3|(a,/3) - (a',^')l < \h{a,(3,t) -h{a',P',t)\ < C4|(a, /?) - (q', /3')| for (a,/3), (a',^') & M.^, 
t e [0,T] and some constants < q < 00, i = 1, . . . , 4; and d^{h-P) e C{[Q,T], H^/'^{R'^)), 
for lil < s. Let u — u o h o fco, ^ — C, o h o k^. From the chain rule we know u — ^t, 
and for t G [0,T*), (u, ^) satisfies the quasilinear system (5.21)-(5.22) in [38j. Therefore as 
was proved in [38], C solves the water wave system (jl.23p - (jl.24p with initial data satisfying 
(|4.5p . Furthermore, for k as defined in (jl.28p . we know kt — {h o ko)t (see (jl.42p ). and 
fc(0) ^ {ho fco)(0). Therefore k{-,t) = h{ko{-),t) for t G [0,r*), so k{t) : R^ ^ R^ is a 
diffeomorphism and J{k{t)) > for each t G [0,T*). w o k — ^tt follows straightforwardly 
from the chain rule. 

□ 

Remark 4.4. Let ^ be the solution obtained in Theorem 14.31 As a consequence of The- 
orem |4]3] part 2, we know for t G [0,r*), the mapping k = k{-,t) defined in (|1.28p is a 
diffeomorphism and the solution (m, C) for (|4.3p - (|4.4p - (|4.7p coincides with those defined in 
()1.3ip . Let X ~ ( ~ P. Notice that dtX ~ u ~ b ~ b ■ W±X, dfU = w — b- V±u. By taking suc- 
cessive derivatives to t to (|2.37p (or equivalently (|4.3p ). we know that in fact for \j\ < s — 1, 
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and r = dt, da, dp, Lq, w, d = da, dp, 

T'dt\,T^d\,V^u,T^dtu,V^du G C{[Q,T*),H^'^{n^)), 

(4.13) 

rw,T^dtw,V^dw e C{[0,T*),L^{R^)). 

Remark 4.5. Notice that 77 = S,{ki^^i'),'t) = C ° h{-,t) is a solution of the water wave 
equation (fL23| - (fL24| with data ?7(-,0) = C° ° Vt{-,0) = u° o k^\-). Let \j\ < s - 1, 

and r = dt, da, dp, Lo, w, d = da, dp. Using ()4.13|1 . Lemma [TT2l Proposition 12.21 ()2.6|) . 
p.7p . Propositions l2.61 12.71 12.91 a-nd Lemma 6.2 of [38] and interpolation, we know that the 
function b defined in (gH) satisfies T^b, Pdb e C([0, T*), i/i/2(R2)). Therefore we have for 
h the solution of ((4T2)l . rJ(/i - P),T3dt{h - P),r^d{h - P) £ Ci[0,T*), H^^^{M.^)). This 
implies the solution 77 satisfies 

(4.14) 



From Proposition 12. 9[ we know there is Ni > small enough, such that whenever 
J2 iii<2 ||c''9A(i)||2 < Ni, \daX{t)\oo + \dpX{t)\aa < J, this in turn implies that 

|C(a,/3,t)-C(«',/3',i)| > i(|a-a'| + l/3-/3'l), \Qa ^ C,p\ > ^, 

and T,{t) : C = Cia,P,t), (a,/?) e is a graph. 

We now present a global in time well-posedness result. Let s > 27, max{[|] + 1, 17} < 
I < s — 10, and the initial interface S(0) be a graph given by — {a, [3, z^{a, (3)), satisfying 
N = Yl ||9*92:°||2 < Nq, where A'o is the constant in Lemma [4.11 part 1. Therefore 

the corresponding mapping fc(0) = fco defined in (I1.28P is a diffeomorphism with its Jacobian 
1/4 < J(fco) < 2 and i(|a - a'| + |/3 - /3'|) < |fco(a, /3) - fco(a', /3')l < 2(|a-a'| + \/3 - 
Assume that the initial data satisfies (I4.5p - (|4.9p . and for F = da, dp, Lq, w, 

L= l|r^l^r/Yll2 + ||r-'aA°||2 + ||FJ«°||ffV2 + ||F^i«°||2<oo. (4.15) 

|j|<' + 9 

here i'^ = o k^^ . Let 

e= \r\D\^'n + \rdX'h + \ru^\\HU^ + \\T=w^h. (4.16) 

l3l<;+3 

and assume e < Ni. An argument as that in Remark 14.41 and an application of Lemma ll.21 
Proposition O ^11}, (EH), Propositions [2H O EH gives that for V ^ dt, da, dp, Lq, w, 

Mo= Y (l|r''^A"||2 + ||F^a3"||2 + ||F^'o(0)||2 + \\r^{dt + b ■ V^)mh) < ci(e)e < oo 

-2 

(4.17) 



|j|<i + 2 
a=9„ .dn 
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and a further application of Lemma 6.2 of |38j and interpolation gives that (for e > small 
enough such that ci(e)e < Mq) 

h+2{0) < C2(e)e^ .^,+3(0) < C3(e)e2, ^1+9(0) = c^L) < 00 (4.18) 

Here Ci{p), i — 1, 2, 3, 4 are constants depending on p. 

Take Mq such that < Mq < Ni and all the estimates derived in section [3] holds. 

Theorem 4.6 (Global well-posedness) . There exists eo > 0, depending on Mq, L, where L 
is as in (j4.15|) . such that for < e < eo, the initial value problem ()1.23p - ()1.24p - (|4.5|) has 
a unique classical solution globally in time. For < t < 00, the solution satisfies (|4.13p . 
(|4.14p . the interface is a graph, and 

{1 + t) J2 {\dr'x{t)\oc + \dr^m\oo)<S%l{t)<C{M„,L)e. (4.19) 

|j|<i-3 

Here C{Mo,L) is a constant depending on Mq,L. 

Proof. From Theorem 14.31 Remarks 14.41 14.51 we know there exists a unique solution ^ = 
^(•,t) for t e [0,T*) of (fT:23l) - (fT:24l) - (|431) . with fc(-,<) : ^ ^2 defined in (fT:28l) 
being a diffeomorphism, A, u, w as defined in (|1.3ip . (|1.36p satisfying (|4.13p for t e [0, T*), 
and 77 = ^ o fc(7^ satisfying (|4T4l) . Applying Lemma [TH Proposition [2?2l ([2^ . ((27l) . 
Propositions 12.61 12.71 12.91 Lemma 6.2 of [38 and interpolation, and the fact that 3(-,t) = 
h^i') + /o (""3 ^ ^ ' ^-L3)('' ^) iiere U3 is the 63 component of u, we have Tn{t), Suit) G 
Ci[0,T*) for n < I + 9. Let < ei < Ni be small enough such that for e < ei, TWq < 
ci(e)e < Let Ti < be the largest such that for t e [0,Ti), ((3T3)) holds. From 

Theorem 13.1011 Lemma [3.4[ we know there is a < £2 < ei, such that when < e < £2, 
sup[Q jn^) i?;+2(i) ^ di+2{t) < c(Mo,L)^e^ for some constant c(Mo,L) depending on Mo,L. 
On the other hand from Proposition 1 2 . 1 61 we have that for t G [0,Ti), 

^ (||r-'aA(t)||2 + ||r^a3(t)||2 + \\r^mh + \\r'idt + b- v±Mt)h) < c{Mo)Ei+2ity^' 

lil<i + 2 

where C{Mq) is a constant depending on Mq. Taking eg < £2, such that C{Mo)c{Mo, L)eo < 
Therefore when e < eo, we have for i e [0,Ti), 

J2 {\\r'dx{t)h + wr^dmh + \\r^m\2 + \\r'{dt + b ■ \7^)^{t)\W) < 

\3\<l + 2 

This implies that Ti ~ T* or otherwise it contradicts with the assumption that Ti is the 
largest. Applying Proposition [2T6] again we deduce that 

^ \\T'w{t)\\L^ + \\T^u{t)\\L2&L^%T*). (4.20) 
b"l<i+2 
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Furthermore from Mq < Ni we have 



and E(t) : ( — C{-,t) defines a graph for t G [0,T*). Now from our assumption we know 
[f ] + 3 < Z + 2. Applying (|4.1ip . we obtain T* = oo. (I4.19P is a consequence of Lemma |3^ 

□ 

Remark 4.7. As a consequence of (j4.19p and Proposition l2.17[ the steepness, the acceler- 
ation of the interface and the derivative of the velocity on the interface decay at the rate 
1 

t ■ 

Remark 4.8. Instead of (|4.9p . (|4.15p . (|4.16p . we may assume for |j| < s — 1, and T = 

da, 9(3, Lq, uj, 

l|r^92°||ffi/2 + ||r-'u"||^3/. + llPtr" 11^,1 < oo; (4.22) 

L= l|r-'|i^|'/'z"||2 + ||r^azl2 + ||r%"||Hi/2 + ||r-'"tr"||2<oo; (4.23) 

l3l<' + 9 

and let 

e= I|r^l^r/'^"ll2 + ||r^5z°||2 + ||r-'u"||^,/. + ||Ptr"||2. (4.24) 

l3l<' + 3 

We know from Lemma O] and Lemma H^] that (I4.22p . (|4.23p . (|4.24p implies 

Y l|r-'aA°||^i/2 + ||r%"||^3/2 + ||r^«;"||^i < 00 and (4.25) 

|j|<=>-i 

Y l|r^l^r^Yll2 + ||r^9A"||2 + ||r^u"||^i/2 + ||r^u;°||2 < C5(L)£ < 00 (4.26) 

lil<i+9 

Y ||r^|i^r/Yll2 + ||r^9A0||2 + ||r%°||^i/. + ||r^«;"||2 < C5(e)e < 00 (4.27) 



|3|<! + 3 



"11 

for some constants C5(L), ce{e) depending on L, e respectively. Therefore the same conclu- 
sions of Theorem 14 . 61 hold . and furthermore by using Lemmas 14. 11 14.21 we have for ^ = rjoko 
the solution of the initial value problem of the water wave equations (|1.23p - (|1.24p - (|4.5p . and 

\j\ < s — 1, r = dt, da, dp, Lq, vj, (notice that fco = fco(a, P) is independent of t.) 

T^dt^,T^d{£,~P),T^dt£,uT^d£,t e C{[0,T*), H^^^R^)), 
r^d^tuT^dt^tt e C{[0,T*),L^{R^)). 
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